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1. (a)

Triple Integrals
If U is any solid (in space), what does the triple integral /// 1 dV represent? Why?
u

Solution. Remember that we are thinking of the triple integral / / / f(z,y,2) dV as a limit of
u

Riemann sums, obtained from the following process:
1. Slice the solid U into small pieces.

2. In each piece, the value of f will be approximately constant, so multiply the value of f at any
point by the volume AV of the piece. (It’s okay to approximate the volume AV.)

3. Add up all of these products. (This is a Riemann sum.)

4. Take the limit of the Riemann sums as the volume of the pieces tends to 0.
Now, if f is just the function f(z,y,z) = 1, then in Step 2, we end up simply multiplying 1 by
the volume of the piece, which gives us the volume of the piece. So, in Step 3, when we add all

of these products up, we are just adding up the volume of all the small pieces, which gives the
volume of the whole solid.

So, /// 1 dV represents the ’ volume of the solid U |.
u

Suppose the shape of a solid object is described by the solid U, and f(z,y,z) gives the density
of the object at the point (x,y,z) in kilograms per cubic meter. What does the triple integral

/// flx,y,z) dV represent? Why?
u

Solution. Following the process described in (a), in Step 2, we multiply the approximate density
of each piece by the volume of that piece, which gives the approximate mass of that piece. Adding
those up gives the approximate mass of the entire solid object, and taking the limit gives us the

exact ’ mass of the solid object ‘

2. Let U be the solid tetrahedron bounded by the planes x = 0, y = 1, z = 0, and x + 2y + 3z = 8.
(The vertices of this tetrahedron are (0,1,0), (0,1,2), (6,1,0), and (0,4,0)). Write the triple integral

/// f(x,y,2) dV as an iterated integral.
u

Solution. We’ll do this in all 6 possible orders. Let’s do it by writing the outer integral first, which
means we think of slicing. There are three possible ways to slice: parallel to the yz-plane, parallel to
the zz-plane, and parallel to the xy-plane.

(a)

Slice parallel to the yz-plane.
If we do this, we are slicing the interval [0, 6] on the z-axis, so the outer (single) integral will be

6
/ something dx.
0

To write the inner two integrals, we look at a typical slice and describe it. When we do this, we
think of = as being constant (since, within a slice, = is constant). Here is a typical slice:



(6,1,0)

Each slice is a triangle, with one edge on the plane y = 1, one edge on the plane z = 0, and one
edge on the plane x4 2y +3z = 8. (Since we are thinking of « as being constant, we might rewrite
this last equation as 2y + 3z = 8 — x.) Here’s another picture of the slice, in 2D:

3
y= 2y+3z=8-x
(8—x 0
.0 2 y

Now, we write a (double) iterated integral that describes this region. This will make up the inner
two integrals of our final answer. There are two ways to do this:

i.

ii.

If we slice vertically, we are slicing the interval [1, S_Tﬂ on the y-axis, so the outer integral
(8—z)/2

(of the two we are working on) will be something dy. Each slice goes from z = 0 to

1
the line 2y 4+ 3z = 8 —  (since we're trying to describe z within a vertical slice, we’ll rewrite

3
6 (8—x)/2 (8—z—2y)/3
iterated integral / / / f(z,y,2) dz dy dx |.
0o J1 0

If we slice horizontally, we are slicing the interval [0,

(8—z—2y)/3
this as z = 3=%=2Y) 5o the inner integral will be / f(x,y,2z) dz. This gives us the
0

66—z

?} on the z-axis, so the outer integral

(6—2)/3
(of the two we are working on) will be / something dz. Each slice goes from y =1 to
0

the line 2y + 32z = 8 — z (since we are trying to describe y in a horizontal slice, we’ll rewrite

2

6 p(6—x)/3 [(8—x—3z2)/2
final answer / / / f(z,y, 2) dy dz dz|.
0o Jo 1

(8—z—3z)/2
this as y = 82=3%) 5o the inner integral will be / f(z,y,2) dy. This gives the
1

(b) Slice parallel to the zz-plane.

If we do this, we are slicing the interval [1, 4] on the y-axis. So, our outer (single) integral will be

4

something dy. Each slice is a triangle with edges on the planes x = 0, z = 0, and x+2y+3z = 8

1
(or z + 3z = 8 — 2y). Within a slice, y is constant, so we can just look at z and z:



8-2y,0 ,

Our inner two integrals will describe this region.

i. If we slice vertically, we are slicing the interval [0,8 — 2y] on the z-axis, so the outer integral

8—2y
(of the two we're working on) will be / something dx. Each slice goes from z = 0 to
0

8—2y p,(8—2y—=z
z= 8_2%, which gives the iterated integral / / / f(zyy,2) dz dx dy |

ii. If we slice horizontally, we are slicing the interval [ , %] on the z-axis, so the outer integral

(8—2y)/3
(of the two we’re working on) will be / something dz. Each slice goes from z = 0 to
0

(8—2y)/3 ,8—2y—3z
x = 8—2y—3z, which gives the iterated integral / / / f(z,y, z) do dz dy|.
0

(¢) Slice parallel to the zy-plane.
If we do this, we are slicing the interval [0, 2] on the z-axis, so the outer (single) integral will be

2
/ something dz. Each slice is a triangle with edges on the planes z = 0, y = 1, and x+2y+3z = 8
0

(or z + 2y = 8 — 3z). Within a slice, z is constant, so we can just look at z and y:

y

8-3z

(, 2

)

X+2y=8-3z

6-3z1

I
|

(0. 1) y

X

Our inner two integrals will describe this region.

i. If we slice vertically, we are slicing the interval [0,6 — 3z] on the x-axis, so the outer integral
6—3z
(of the two we’re working on) will be / something dz. Each slice will go from y = 1 to
0

the line 2 + 2y = 8 — 3z (which we write as y = 3= 322 2

since we're trying to describe y),

6—3z (8—3z—x)
which gives us the final integral / / / flz,y,2) dy dx dz |.

ii. If we slice horizontally, we are slicing the interval [1, 87232} on the y-axis, so the outer integral




(8—32)/2
(of the two we're working on) will be something dy. Each slice will go from z = 0

1
to x + 2y = 8 — 3z (which we write as = 8 — 3z — 2y since we're trying to describe x), which

2 r(8-3z2)/2 p8-3z—2y
gives us the answer / / / flz,y,2) do dy dz |.
0o J1 0

3. LetU be the solid enclosed by the paraboloids z = x2 +y* and z = 8 — (22 +4y?). (Note: The paraboloids
intersect where z = 4.) Write /// f(z,y,2) dV as an iterated integral in the order dz dy dx.
u

Solution. We can either do this by writing the inner integral first or by writing the outer integral
first. In this case, it’s probably easier to write the inner integral first, but we’ll show both methods.

e Writing the inner integral first:

We are asked to have our inner integral be with respect to z, so we want to describe how z varies
along a vertical line (where  and y are fixed) to write the inner integral. We can see that, along
any vertical line through the solid, z goes from the bottom paraboloid (z = 2% + y?) to the top
8—(z*+y?)
paraboloid (z = 8 — (22 + 4?)), so the inner integral will be / f(z,y,2) dz.
x24y?

To write the outer two integrals, we want to describe the projection of the region onto the zy-
plane. (A good way to think about this is, if we moved our vertical line around to go through
the whole solid, what = and y would we hit? Alternatively, if we could stand at the “top” of the
z-axis and look “down” at the solid, what region would we see?) In this case, the widest part of
the solid is where the two paraboloids intersect, which is z = 4 and 22 4+ y? = 4. Therefore, the
projection is the region 22 + y? < 4, a disk in the zy-plane:

y

We want to write an iterated integral in the order dy dx to describe this region, which means we
2

should slice vertically. We slice [—2, 2] on the z-axis, so the outer integral will be / something dzx.
-2



Along each slice, y goes from the bottom of the circle (y = —v/4 — 22) to the top (y = V4 — 22),

VA=z2 8— (a: +'L/
so we get the iterated integral / / / f(z,y,2) dz dy dzx |.

Va—zZ

e Writing the outer integral first:

We are asked to have our outer integral be with respect to x, so we want to make slices parallel
to the yz-plane. This amounts to slicing the interval [—2,2] on the z-axis, so the outer integral

2
will be / something dz.
—2

Each slice is a region bounded below by z = 22 + y? and above by z = (8 — 2%) — 3. (Remember

that, within a slice,  is constant.) Note that these curves intersect where x2 + 32 = (8 — 2%) — 32,

or 2y?> = 8 — 222, This happens at y = £v/4 — x2. At either of these y-values, z = 4. So, here is
a picture of the region:

z

z=8-x2 -y

N

—\4-x 4-x2

The two integrals describing this region are supposed to be in the order dz dy, which means we

are slicing vertically. Slicing vertically amounts to slicing the interval [—v/4 — 22, v/4 — 22] on
AV

the y-axis, so the outer integral (of these two integrals) will be / something dy. Along
—Vi—aZ

each vertical slice, z goes from x2? + 32 to 8 — (22 + y?), so we get the final iterated integral

Vi=z? (z +y )
/ / / flz,y,2) dz dy dx |.
Va—z2 Jx24y2

1 z
4. In this problem, we’ll look at the iterated integral / / / f(z,y, 2) da dy dz.
0 Jo Jy2

(a) Rewrite the iterated integral in the order dx dz dy.

Solution. One strategy is to draw the solid region of integration and then write the integral as
we did in #3. However, drawing the solid region of integration is rather challenging, so here’s
another approach.

Remember that we can think of a triple integral as either a single integral of a double integral or a
double integral of a single integral, and we know how to change the order of integration in a double
integral. (See, for instance, #5 on the worksheet “Double Integrals over General Regions”.) This
effectively means that we can change the order of the inner two integrals by thinking of them
together as a double integral, or we can change the order of the outer two integrals by thinking
of them together as a double integral.



For this question, we just need to change the order of the outer two integrals, so we focus on those.

1 z
They are / / stuff dy dz.(!) Since this integral is dy dz, we should visualize the yz-plane. The
o Jo

1
fact that the outer integral is / something dz tells us that we are slicing the interval [0, 1] on
0

z

the z-axis. The fact that the inner integral is / stuff dy tells us that each slice starts at y = 0

0
and goes to y = z. So, our region (with horizontal slices) looks like the picture on the left:

z z
1 S S

To change the order of integration, we want to use vertical slices (the picture on the right). Now,

1
we are slicing the interval [0, 1] on the y-axis, so the outer integral will be / something dy. Each
0 1 z
slice has its bottom edge on z = y and its top edge on z = 1, so we rewrite / / stuff dy dz as
o Jo

1,1 1
/ / stuff dz dy. Remembering that “stuff” was the inner integral / f(z,y, z) dx, this gives
0 Jy y?

1 1 1
us the iterated integral / / / flx,y,2) doe dz dy |.
0 Jy Jy?

(b) Rewrite the iterated integral in the order dz dy dx.

Solution. Let’s continue from (a). As explained there, we can change the order of the outer
two integrals or of the inner two integrals. From (a), we have our iterated integral in the order
dx dz dy. If we change the order of the inner two integrals, then we’ll have our iterated integral
in the order dz dx dy. If we then change the order of the outer two integrals of this, we’ll get it
into the order dz dy dz. So, we really have two steps.

e Step 1: Change the order of the inner double integral from (a).
1ol gl
We had / / / f(x,y,2) dx dz dy, so we are going to focus on the inner double integral
0 Jy Jy?

1,1

/ / f(z,y,2) de dz. Remember that, since this is the inner double integral and y is the
y Jy?

outer variable, we now think of y as being a constant.(?) Then, the region of integration of

1
the integral / / 1f(x,y,2) dz dz is just a rectangle (sliced horizontally):
y Jy?

1
(DHere, “stuff” is the inner integral / f(z,y,2) dz.
y2

(@1n fact, we should think of y as being a constant between 0 and 1, since the outer integral has y going from 0 to 1.



. B

X

y? 1
1,1
If we change to slicing horizontally, we rewrite this as / / flz,y,2) dz dz.(®) Putting the
y2 Jy

1 el el
outer integral back, we get the iterated integral / / / f(z,y, z) dz dz dy.
0 Jy2Jy
e Step 2: Change the order of the outer double integral.

1 1 p1
Now, we're working with / / / f(z,y,2) dz dx dy, and we want to change the order of
0 Jy2Jy

1,1
the outer double integral, which is / / stuff de dy with “stuff” being the inner integral
0 Jy

2

1 11
/ f(z,y, 2) dz. The region of integration of / / stuff dz dy looks like this (with horizontal
Yy 0 Jy2

slices):

X

1

Ve
If we change to slicing vertically, then the integral becomes / / stuff dy dx. Remembering
0 Jo

1 vz gl
that “stuff” was the inner integral, we get our final answer / / / f(z,y, 2) dz dy dx |.
0 0 Yy

5. Let U be the solid contained in x? + y?> — 22 = 16 and lying between the planes z = —3 and z = 3.
Sketch U and write an iterated integral which expresses its volume. In which orders of integration can
you write just a single iterated integral (as opposed to a sum of iterated integrals)?

Solution. Here is a picture of ¢/:()

(3) Another way of thinking about it is that we’re using Fubini’s Theorem.
(9)To remember how to sketch things like this, look back at #3 of the worksheet “Quadric Surfaces”.



By #1(a), we know that a triple integral expressing the volume of U is /// 1 dV. We are asked to

u
rewrite this as an iterated integral. Let’s think about slicing the solid (which means we’ll write the

outer integral first). If we slice parallel to the zy-plane, then we are really slicing [—3, 3] on the z-axis,
3

and the outer integral is / something dz.
-3

We use our inner two integrals to describe a typical slice. Each slice is just the disk enclosed by the
circle 22 + 3% = 22 + 16, which is a circle of radius v/22 + 16:

y

=

-\ A+ 16 2/+16

We can slice this region vertically or horizontally; let’s do it vertically. This amounts to slicing
Vz2+16

[—V/22 + 16, /22 + 16] on the z-axis, so the outer integral is / something dx. Along each slice,
—V22+16
y goes from the bottom of the circle (y = —v/22 + 16 — 22) to the top of the circle (y = v/22 + 16 — z2).
Vz24+16—zx2
So, the inner integral is / f(z,y,2) dy.
e T

3 V22416 pV22+16—22
Putting this all together, we get the iterated integral / / 1dy dx dz |
—3J V22416 J —v/22+16—12

We are also asked in which orders we can write just a single iterated integral. Clearly, we’ve done so
with the order dy dx dz. We also could have with dz dy dz, since that would just be slicing the same
disk horizontally.

If we had dx or dy as our outer integral, then we would need to write multiple integrals. For instance,
if we slice the hyperboloid parallel to the yz-plane, some slices would look like this:



N

4
\

!
/

We would need to write a sum of integrals to describe such a slice. So, we can write a single iterated
integral only in the orders | dy dx dz and dz dy dz |.




Double integrals

Notice: this material must not be used as a substitute for attending
the lectures



0.1 What is a double integral?

Recall that a single integral is something of the form

/abf(x)dx

A double integral is something of the form

/| Gy dedy

where R is called the region of integration and is a region in the (z,y) plane. The
double integral gives us the volume under the surface z = f(z,y), just as a single
integral gives the area under a curve.

0.2 Evaluation of double integrals

To evaluate a double integral we do it in stages, starting from the inside and working
out, using our knowledge of the methods for single integrals. The easiest kind of
region R to work with is a rectangle. To evaluate

[ Gy dedy

proceed as follows:
e work out the limits of integration if they are not already known
e work out the inner integral for a typical y

e work out the outer integral

0.3 Example
Evaluate

2 3
/ / (1+ Szy) dx dy
y=1 Jx=0

Solution. In this example the “inner integral” is [°_ (1 + 8xy) dz with y treated as a
constant.

2 3
integral = / / (14 8xy) dx dy
y=1 =0
work out treating y as constant
2 [ S22y]°
e
y=1 L 2 =0
2
= [ G+ 36y dy
y=1



2

36y2
¥

2 ],
= (6472)— (3+18)
57

0.4 Example

Evaluate
w/2 rl
/ ysinx dy dx
o Jo

/2 1
integral = / ( / ysinx dy) dx
0 0

/2 2 1
= / [y sin x] dx
0 2 _
y=0

w/2 1
/ §smxdx
0

Solution.

0.5 Example

Find the volume of the solid bounded above by the plane z = 4 — z — y and below
by the rectangle R = {(z,y): 0<2z<1 0<y <2}
Solution. The volume under any surface z = f(z,y) and above a region R is given by

V://Rf(:c,y)dxdy

In our case

2 01
V = /0/0(4—x—y)dxdy
2 1 2
_ 1.2 _ 1
= /0 {4%—533 —y:v]xzody—/o(él—Q—y)dy
Ty yz]Q
= | -= =(7-2)—(0)=5
lz 2,

The double integrals in the above examples are the easiest types to evaluate because
they are examples in which all four limits of integration are constants. This happens
when the region of integration is rectangular in shape. In non-rectangular regions
of integration the limits are not all constant so we have to get used to dealing with
non-constant limits. We do this in the next few examples.



0.6 Example

Evaluate

Solution.

2 rx
integral = / , v dy dx
0Jx

0.7 Example
Evaluate

s x2 1 Y
/ / —cos = dy dx
w/2J0 X X

Solution. Recall from elementary calculus the integral [ cosmydy = % sinmy for m
independent of y. Using this result,

2

™ 1 si Y y=e
integral = / [ Slrix] dz
/2 | T =
T y=0
= [ sinwde =[~cosa]™__, =1
/ﬂ/2s1nx z = [—cosz|;_./
0.8 Example
Evaluate ‘v
]
// ™IV dx dy
1 Jo
Solution.
| 4[696/\/??]””:‘/?0[
integral = / Y
1 1/\/@ =0
4 4
= [ Wie—vidy=(e=1) [ yay
3/2 4 9
)
= (e—-1) |2~ =Z(e-1B8-1
=135 = je-ne-y
y_
14
= 3(6—1)



0.9 Evaluating the limits of integration

When evaluating double integrals it is very common not to be told the limits of
integration but simply told that the integral is to be taken over a certain specified
region R in the (z,y) plane. In this case you need to work out the limits of integration
for yourself. Great care has to be taken in carrying out this task. The integration
can in principle be done in two ways: (i) integrating first with respect to  and then
with respect to y, or (ii) first with respect to y and then with respect to x. The
limits of integration in the two approaches will in general be quite different, but both
approaches must yield the same answer. Sometimes one way round is considerably
harder than the other, and in some integrals one way works fine while the other leads
to an integral that cannot be evaluated using the simple methods you have been
taught. There are no simple rules for deciding which order to do the integration in.

0.10 Example

Evaluate

// 3—x—y)dA [dA means dzxdy or dydzx]
D

where D is the triangle in the (z,y) plane bounded by the z-axis and the lines y = z
and z = 1.
Solution. A good diagram is essential.

Method 1 : do the integration with respect to z first. In this approach we select a typical
y value which is (for the moment) considered fixed, and we draw a horizontal
line across the region D; this horizontal line intersects the y axis at the typical
y value. Find out the values of z (they will depend on y) where the horizontal
line enters and leaves the region D (in this problem it enters at * = y and
leaves at x = 1). These values of x will be the limits of integration for the inner
integral. Then you determine what values y has to range between so that the
horizontal line sweeps the entire region D (in this case y has to go from 0 to 1).
This determines the limits of integration for the outer integral, the integral with
respect to y. For this particular problem the integral becomes

//D(B—x—y)dA = /Ol/yl(B—x—y)dxdy

2 z=1

1 x
= —_— — d
/0 [Sx 2 yz] Y

=y
2

S ACHER
(

1 /5 3 5y Ak
= [ (2-4 2)d=—22 v
/0 y WY)W [2 Y

2 +2



Method 2 : do the integration with respect to y first and then z. In this approach we
select a “typical 7 and draw a vertical line across the region D at that value
of z.

Vertical line enters D at y = 0 and leaves at y = . We then need to let x
go from 0 to 1 so that the vertical line sweeps the entire region. The integral
becomes

//D(3—x—y)dA = // —r—y dydm

Note that Methods 1 and 2 give the same answer. If they don’t it means something
is wrong.

0.11 Example

Evaluate

/ [ (4 +2)d4

where D is the region enclosed by the curves y = 22 and y = 2z.
Solution. Again we will carry out the integration both ways, « first then y, and then
vice versa, to ensure the same answer is obtained by both methods.

Method 1 : We do the integration first with respect to x and then with respect to y. We
shall need to know where the two curves y = 22 and y = 2z intersect. They
intersect when z2 = 2x, i.e. when x = 0,2. So they intersect at the points (0, 0)

and (2,4).

For a typical y, the horizontal line will enter D at = y/2 and leave at v = /3.
Then we need to let y go from 0 to 4 so that the horizontal line sweeps the
entire region. Thus

/D(4w+2)dA = /04/I:f(4x+2)d:vdy
= /04 {2x2+2x]iz£dy:/o ((2y+2\/—) <92 )) dy

4 2 9,32 4
_ 9y1/2 _ d Y Y yf —8
/0 <y+ Y ) V= l T332 76




Method 2 : Integrate first with respect to y and then z, i.e. draw a vertical line across D
at a typical x value. Such a line enters D at y = 2% and leaves at y = 2z. The
integral becomes

2 r2x
//(4x+2)dA - // (dz + 2) dy dx
D 0 Jx2
2
= /0 [4xy+2y]zii§ dx

2
= 82% +4x) — (42® + 22%)) d
/(J((as+x> (:E+:E)> T
2 2
- / (62° — 42 + da) dr = [22° — o 4 227 =8
0
The example we have just done shows that it is sometimes easier to do it one way
than the other. The next example shows that sometimes the difference in effort is

more considerable. There is no general rule saying that one way is always easier than
the other; it depends on the individual integral.

0.12 Example

Evaluate

[ @y =y da

where D is the region consisting of the square {(z,y) : -1 <2 <0, 0 <y <1}
together with the triangle {(z,y): <y <1, 0 <z <1},

Method 1 : (easy). integrate with respect to x first. A diagram will show that = goes
from —1 to y, and then y goes from 0 to 1. The integral becomes

//D(xy—y?’)dfl = /01/_y1(xy—y3)dxdy

=y
xr
- / ly—:vy?’] dy
0|2

r=—1
Yy 4 1 3
= /0 Sy ) Gyty) ) dy
1 y3 A . y4 y5 yQ 1 23
= _— = —_ = d = |- — — — — _ = ——
/0 ( o VTRV TS T,

Method 2 : (harder). It is necessary to break the region of integration D into two sub-
regions D; (the square part) and D, (triangular part). The integral over D is

given by
//D<1Ey_y3)dA://Dl(xy_y3)dA+//D2(xy_ys)dA



which is the analogy of the formula [; f(z)dx = f;f(x) dx + [y f(x)dx for
single integrals. Thus

0 1 1 r1
//D(:vy—y?’)dA = /_1/0 (fcy—y?’)dydwr/o/x(xy—y3)dydx
s G R Y ol VG o)
a2 4 o[ 2 4

Lo L (G-9-(5-2))»

4 4 4 4 8 2],
_ 13 _ 2
T 40

In the next example the integration can only be done one way round.

0.13 Example

Evaluate

//SlIl(L’dA
D X

where D is the triangle {(z,y): 0 <y <z, 0 <z <7}
Solution. Let’s try doing the integration first with respect to  and then y. This gives

// sindi:/ﬂ/ﬂsinxdxdy
D T 0 Jy T

but we cannot proceed because we cannot find an indefinite integral for sinxz/z. So,
let’s try doing it the other way. We then have

// sindi _ /Tf/ffsinxdydaj
D x oo «x

= / [smxy} dx:/ sinz dz

= [—cosz]y =1—(—-1) =2

0.14 Example

Find the volume of the tetrahedron that lies in the first octant and is bounded by the
three coordinate planes and the plane z =5 — 22 — y.

Solution. The given plane intersects the coordinate axes at the points (%, 0,0), (0,5,0)
and (0,0,5). Thus, we need to work out the double integral

//D(5—2x—y)dA



where D is the triangle in the (z,y) plane with vertices (z,y) = (0,0), (3,0) and
(0,5). It is a good idea to draw another diagram at this stage showing just the region
D in the (z,y) plane. Note that the equation of the line joining the points (2,0) and
(0,5) is y = —2x + 5. Then:

(5—
volume = // (5—2x—y)dA = // V! (5 —2x —y)drdy

= /0[553—352—ny (()Sy/2dy

- [ (5 5]

0.15 Changing variables in a double integral

We know how to change variables in a single integral:

/f dx—/ f(z —du

where A and B are the new limits of integration.
For double integrals the rule is more complicated. Suppose we have

[ f.)dwdy

and want to change the variables to u and v given by x = z(u,v), y = y(u,v). The
change of variables formula is

[ fewdedy= [ [ fatuo).y(uw o)l dudy (0.1
where J is the Jacobian, given by

j_ 050y 0xdy
C Qudv  Ovdu

and D* is the new region of integration, in the (u,v) plane.

0.16 Transforming a double integral into polars

A very commonly used substitution is conversion into polars. This substitution is
particularly suitable when the region of integration D is a circle or an annulus (i.e.
region between two concentric circles). Polar coordinates r and 6 are defined by

x=rcosf, y=rsinf



The variables v and v in the general description above are r and 6 in the polar
coordinates context and the Jacobian for polar coordinates is

o oedy owdy
oroe  99or
= (cosB)(rcosf) — (—rsinf)(sinf)

= 7r(cos® 0 +sin?) = r

So |J| = r and the change of variables rule (0.1) becomes

//Df(x,y)dxdyz //D f(rcosf,rsind)rdrdd

0.17 Example

Use polar coordinates to evaluate

// xy dx dy
D

where D is the portion of the circle centre 0, radius 1, that lies in the first quadrant.
Solution. For the portion in the first quadrant we need 0 <r <1 and 0 <60 < 7/2.
These inequalities give us the limits of integration in the r and 6 variables, and these
limits will all be constants.

With x = rcosf, y = rsinf the integral becomes

7/2 rl
// rydedy = / / r? cos @ sin @ r dr df
D 0 0

71'/2 r4 1
= / [ cos 0 sin 9] df
0 4

r=0

T/2 1 ) /2 ] )
= / fsmecosedé’:/ —sin 20 df
o 4 o 8

B 1 _00829 /2 1
8 2

0

0.18 Example

Evaluate

// e~ @) da dy
D

where D is the region between the two circles 22 + y? = 1 and 22 + y? = 4.

Solution. It is not feasible to attempt this integral by any method other than trans-
forming into polars.

Let £ = rcosf, y = rsinf. In terms of r and 0 the region D between the two circles
is described by 1 <r <2, 0 < 0 < 27, and so the integral becomes

9, 2 2r 2 o
// e ) drdy = / / e " rdrdd
D 0o Ji

10



0.19 Example: integrating et

The function e~* has no elementary antiderivative. But we can evaluate [ e dx
by using the theory of double integrals.

(/O:o e dx)2 = (/O:O e da:) </O:o e dw)
= (L) ([ m)
= /_O:O eV’ /_O:O e d dy

= /Z/oo e~ @) da dy

Now transform to polar coordinates x = rcos#, y = rsinf. The region of integration
is the whole (x,y) plane. In polar variables this is given by 0 < r < 00, 0 < 0 < 27.

Thus
c0 2 2 o0 [0 2.2
</ e’ dm) = /oo/ e~ @) du dy

21 oo 9

= // e " rdrdf
o Jo

= [T

27r1d0
~ [Tian=n

%) 5 2
(/ e~ da:) =7

/oo e dr = V.

The above integral is very important in numerous applications.

We have shown that

Hence

0.20 Other substitutions

So far we have only illustrated how to convert a double integral into polars. We
will now illustrate some examples of double integrals that can be evaluated by other
substitutions. Unlike single integrals, for a double integral the choice of substitution
is often dictated not only by what we have in the integrand but also by the shape of
the region of integration.

11



0.21 Example

Evaluate

//D(:c—i-y)zda:dy

where D is the parallelogram bounded by the linesz +y =0,z +y=1,2v —y =0
and 2x —y = 3.
Solution. (A diagram to show the region D will be useful).
In an example like this the boundary curves of D can suggest what substitution to
use. So let us try

u=x+y, v=2x—y.

In these new variables the region D is described by

0<u<l, 0Lv<L3a.

To work this out we need x and y in terms of v and v. From the equations u = z + v,
v =2x —y we get

We need to work out the Jacobian

dz
J:‘gg

SIS

1( o) 2 1
z=—(u4+v = —u— -V
3 Y3t T3
Therefore L
L1 1 2 1
J=13 3 — 9 a2
‘3 —3 9 9 3

and so |J| = 3 (recall it is |J| and not J that we put into the integral). Therefore the

substitution formula gives
dudvz/ [] v—/ fdv—f

[[a+vrandy= [

0.22 Example

Let D be the region in the first quadrant bounded by the hyperbolas zy = 1, xy = 9
and the lines y = z, y = 4x. Evaluate

[, (2 ) o

Solution. A diagram showing D is useful. We make the substitution

12



We will need = and y in terms of v and v. By multiplying the above equations we
get y> = u?v?. Hence y = wv and # = u/v. In the (u,v) variables the region D is
described by

1<u<3, 1<v<2

The Jacobian is

Oz Oz 1 _u

J = u gv — | v | — E g — 2£
22 v v
ou Ov

Therefore

() s
//v+u|J|dudv—// v+ u) (2 )dudv

// <2u—|—> dudv—/ [UQWLQ?)IS)]U:?)CZU

=1
18 2 52 2 52

= / {<9+ ) <1+ >}dv:{8v+lnv} =8+ —1In2.
1 v 3v 3 1 3

0.23 Application of double integrals: centres of gravity

We will show how double integrals may be used to find the location of the centre
of gravity of a two-dimensional object. Mathematically speaking, a plate is a thin
2-dimensional distribution of matter considered as a subset of the (x,y) plane. Let

0 = mass per unit area

This is the definition of density for two-dimensional objects. If the plate is all made
of the same material (a sheet of metal, perhaps) then o would be a constant, the value
of which would depend on the material of which the plate is made. However, if the
plate is not all made of the same material then o could vary from point to point on
the plate and therefore be a function of z and y, o(x,y). For some objects, part of the
object may be made of one material and part of it another (some currencies have coins
that are like this). But o(x,y) could quite easily vary in a much more complicated
way (a pizza is a simple example of an object with an uneven distribution of matter).

The intersection of the two thin strips defines a small rectangle of length dx and width

0y. Thus
mass of little rectangle = (mass per unit area)(area)
= o(z,y)dvdy

Therefore the total mass of the plate D is

M://Da(x,y) dx dy.

Suppose you try to balance the plate D on a pin. The centre of mass of the plate is
the point where you would need to put the pin. It can be shown that the coordinates

13



(Z,7y) of the centre of mass are given by

//maxydA / yo(x,y)dA 03

// (2,y)dA // (z, y) dA

0.24 Example

A homogeneous triangle with vertices (0,0), (1,0) and (1, 3). Find the coordinates of
its centre of mass.

[‘Homogeneous’” means the plate is all made of the same material which is uniformly
distributed across it, so that o(x,y) = o, a constant.|

Solution. A diagram of the triangle would be useful. With ¢ constant, we have

3z
//adi // zdydz / [zyly o 5
7 = D _ 4 = Jo_
3z
//DUCZA O'/O ; dydx /O[y]zo dx
1
2

o
/3$dx 3/2 3
0

and

3 Ly v
//UydA // ydy dx /0 lg] . dx
— y:
1 = 1
// odA a/ ; dyda: /0 [yly— 0 d

1942
/—dx R
/3mdm 3/2

=1.

So the centre of mass is at (z,7) = (2, 1).

0.25 Example

Find the centre of mass of a circle, centre the origin, radius 1, if the right half is made
of material twice as heavy as the left half.

Solution. By symmetry, it is clear that the centre of mass will be somewhere on the
z-axis, and so y = 0. In order to model the fact that the right half is twice as heavy,

we can take
20 >0
o(z.y) =9 " L~

with the o in the right hand side of the above expression being any positive constant.

14



From the general formula,

//xomydA
// (z,y) dA

Let us work out the integral in the numerator first. We shall need to break it up as
follows

// zo(x,y)dA = / +// = / 20xdA + / oxdA
D right half left half right left

The circular geometry suggests we convert to plane polars, x = rcosf, y = rsinf.
Recall that, in this coordinate system, dA = rdrdf. The right half of the circle
is described by —7/2 < 0 < 7/2, 0 < r < 1, and the left half similarly but with
m/2 <0 < 37m/2. Thus

3r/2 1
// zo(x,y)dA = / 2/ 20 ( rcos@)rdrd@Jr// / o(rcos®)rdrdf
D w/2 JO

(0.3)

w2 3 r=1 3m/2 [ 13 r=1
= 20/ — cos 6 d9+a/ — cosf do
—7/2 3 r—0 w/2 3 r—0
2 /2 3m/2
—— (:osﬁalﬁ—l—g cos 0 db
—7/2 3 Jr/2
B 4o 20 B 20
3 3 3

Finally, we work out the denominator in (0.3):

// o(z,y)dA = // odA+ / 20 dA
D left half right half
- / [ daso [/
left half right half

= o(area of left half) + 20 (area of right half)
= o(m/2) +20(m/2)

3om

2

Therefore the x coordinate of the centre of mass of the object is

20/3 4
T = /3 _

3om/2 91

15



BETA AND GAMMA FUNCTIONS

GAMMA FUNCTION:

The integral of [ e~*x"~%, dx(n>0) is a function of n .This is
0

denoted by F(n) is known as Gamma function.
I'n =I e”*x""dx,(n>0)
0

Properties of gamma functions:

(1r@)=1
I'n= J‘ e *x"dx
0
Substitute n=1

I'n :j e *x"tdx
0

(2) I'n+1=n'n

I'n+l= Ie’xx”dx
0



= (—x”e’x)0 + nj X" e *dx

0
=0+ nje’xx”’ldx
0
=nl'n

s.In+1=nln

(3.)When n is +ve integer

(4) I'n= 2_[ e Ut It
0

X =t?
dx = 2xdt

Put

0

rn=|e (t2)"" 2tdt

0

- zj et It
0

I'n= ZI e Ut it
0

BETA FUNCTION:




The beta function is defined as 4, ,

Put x=1-vy,

X =sin’@
dx = 2sin @cos@d o

Xx—>0,6—->0

When P
x—>1,¢9—>5

B = [ (sin?68)"" (cos?6)" 2singcoso

O [ Y

=2|sin*"*Hcos*"* 0d o

O | N

O e

n-1
x"*(1-x) dx,m>0,n>0.

RELATION BETWEEN BETA () AND GAMMA (F) FUNCTION:

r(m)r(n)

ﬁ(m'") B r(m-+n)

We know that T'm = je"tm’ldt
0

)
Putt_X

dt = 2xdx

I'm= ZI e x2™dx
0

I'n= 2_[ ey idx
0




~I'mIn=4 I e’xzxzm*ldxj ey dy
0 0

o0 00
x+y 2m1 2nld
=4][e y

00

X=rcosd,y=rsing

Changing polar co-ordinates
angp I dxdy = rdrd@

r varies from Otooo

@ varies from Oto%

=I'mI'n=

o'—.m\él

j rcosH) (rsm 6') "rdrdé
0

o i

_[‘r r2™n2 cos?™ 9sin® gdrd @
0

=2|cos

O [ N

221 gsin®* od 6.2j e " rAmn gy
0

mCn= 4, I'm+n
I'mI'n
P = Fren

Prove that I e X" dx :[Fn / a”],when a and nare positive. Hence find the value of
0

jx“‘l [log(1/ x)]pf1 dx.

Sol: we know that J e ®x"dx =In

Put,ax =t
dx=dt/ a

J e X" dx = I et (t/a)"_l(dt/a)
0 0
=1/ a"je“t”‘ldt

=In/a"

Jl‘ x**[log(1/x) ] "ax= Te‘(q‘”yy Pt (—e)dy
0 o



x=e"’V —>dx=-e'dy

- Te—qyyp—ldy = (1/qp)1"p
0

2.prove that 4, j( X" (1+x)" )dx. Hence deduce that
0

By =

O L

[x”“l +X"7 (14 %)™ }dx .

Sol: we know that 4 =

O e

m-1

(t/1+1)  (L/2+1)"" |1/ (2+t) dt

1
8 Oo=——38

= [t (14 t)™" dt
0
1 0 m+n

= [t ()™ [T (14t)
1

0

m+n

Consider , It”“l/(1+t) dt
1

Y (1420 y)" " (<1 ¥ ) dy
ym-¢—n /(1+ y) ym+1dy

m+n

y"t/(1+y) dy

1]
Otk O O %

X" (1-x) " dx

Put, 1/x= e’

Put,x=t/1+t
dx=1/(1+t)" dt

x—>0,t—>0
when,
X—>1Lt—> oo

Put, t=1/y
Then, dt=-1/y 2 dy

t>ly—1
When,
t—>o0w,y—>0



1
= Jt”‘l /(1+t)™"dt  [changing the domain variable]
0

m+n

1 - . )
Then, Itm—l/(1+t) dt+J'tm—1/(1+t)m+n dt :J‘tm_1/(1+t)m+n dt+J'tn_1/(1+t)m+n dt
0 1 . )
1
Bimny = jtm‘l " (1+1)" " dt
0

1 1
3.Evaluate Ixm (1-x" )p dx in terms of gamma functions and hence find J‘dx/J(l— X") .
0 0

1
Sol: Ix”‘ (1—x”)p dx
0
Put, X" =t — nx"*dx =dt — dx=1/n(dt/t""")
X—>0,t—>0
When,
x—>lt—>1
1
= [t @-t)P1/nty " dt
’ 1
= Un [t (1-1)" dt
0
= 1/n ﬁ(m+1]n,p+1)
1 1 2
=1nT(m+1/mI(p+1)/T(m+1/n+p+1) [dx/,/(1-x") = x°(1-x") dx
(ms2/)r(p1)/1( ) Jour i) = e ax)

Here, m=0, n=n, p=-1/2

jdx/ J(1=x")=1/n[T(1/n)T(1/2)]/T(1/n+1/2)

= J(z) /nr@/n)/T(n+2/2n)

4. prove that [x*e™dx
0
Sol: fx4.e‘xzdx
0

2 2
= J.x“.e’X dx
0



; x* =t
= 1/2.It3’2.e"dt 2xdx = dt
0 dt

20

dx

= TIn= Ie’*.x”’ldx
0

(¢, ]

1/2It3’2.e"dt=1.r—
! 2

N

11
N |~
N w
N |-

=1
N |-

11
| w
9

zl2
_[ sin®x.cos®? xdx

0
zl2

B(m,n) = 2_[ sin®™g.cos*" ' 0.d@
0

1
|=2p2,714)

,_1r2ri/2
2T2+7/4

nird
4 4

P55

0, =00

P15 111
4 4 4
Hrpr
4 4 4
7733
16 4 4

when X=0,t =0

n-1=3/2

2m-1=3,
2m=4,
M=2.
2n-1=5/2,
2n=7/2,

n=7/4



7l2

_[ Jtangdo

0
7l2

= j sin*?0.cos ™% 6.d6
0

zl2

0. I Jeotado
0

72 12
= | (ﬁ) do
0 sin@

rl2

= j cos”?@sinV? 0d o
0

72

= l><2 _[ cos’? @sin? 0d o
2 0

10.prove that

2m-1=1/2 2n-1=-1/2

2m=3/2 2n=1/2

m=3/4 n=1/4
2m-1=-1/2 2n-1=1/2
M=1/4 n=3/4




O o
{Iog Gﬂn_ldx eV =
|

dx =—e’dy
= — n-1 ’Yd
e when
=Jeryry X—=>0,y >0
: x—>1y—-0
=In

11.prove that

A(m+1n)+ A(m,n+1) = A(m,n)
I'm+1.In N I'mI'n+1
I'm+n+l I'm+n+1

B(M+1n)+B(m,n+1) =

_mI'mIn+I'mnIn
- I'm+n+1

_ I'mI'n(m+n)

- (m+mImen

= B(m,n)

—XOO

12.prove that x2e ' dx = 7~
p jvrj pin

dt = 4x’dx
f dx dt
0
_ 4 )
t=Xx J’ 1/4 t e
0
t=x% x=t"2 x=t¥ Bt -
j e 't2 4qt
dt=2xdx 2 J
_dt dt :lj‘efttflmdt
_5 = 2t1/2 4 )
no1-_1
4
3
n=—
4
—11“3/4
4




o (t—1/2 )1/2 Z(tjlt/z

Il
O3

11

—j et 4 2t

N I—‘
8

o

|_\
8

- J‘ et gt

I\J

o

n-1=-3/4
n=1-3/4

n=1/4
=ZT1/4

I =1r1/2
2

,=1rass
4

w.kt

1 1
-5i(n3)

. I'nn 1 TInIl/2
(I'e) = o1
razn 2 I'n+1/2

I'nlCn+1/2= J_F1/2
2V
= 72'\/5
n=1/4
1
7
4l4 27V
= 72'\/§

Using this in above

feeracet

2 —x* dX:

0



B

a2
© m-1
© Xm—l X ; dx = i
13. Evaluate[———dxand deduce that o 1+x nsin(M%)
0 (1+ Xn) p n
Then show thatT dx _ 7
L1+ xt 242
Sol:-
1 Xm—l
Jrm oo
2 (1+X") p
~ j_ t—(m—l/n).(l_t)m—lln dt
5 t—P nt—2(n—1/n).(1_t)n—1/n

1
=1/ n.jt p-min-1 (1 )™ gt
0

=1/nB(p—m/n,m/n)

:1/n.1“p—m/n1"m/n

I d =£COSEC7Z'/4
0



7l2 . 5 7
14. Evaluatej0 sin’ @.cos'6.do

Imsin2ml 6.cos>"'0.d6

0

| =1/2.8(2,7/4)

=1/ 2_F2-F7/4 I'n+1=nIn
['2+7/4 2m-1=3
2m=4
m=2
:1/2_1!.3/4.F3/4 o_1-5/2
is/4 on=7/2
_3/g_ 13/4 ne7/4
77116.3/413/4
=3/8.16/77.4/3 r15/4=11/4
-8/77 =11/4.7/417/4
=77/16.3/413/4

zl2

15. Evaluate I\/tan 0.do
0

72
j Jtang.de

0 om-1=1/2

7l2 .
:L sin?26.cos Y206 2m=3/2

~1/2503141/4) ~ M=3/4

:1/21“3/4.1“1/4 oN—1=-1/2
2n=1/2
=1/2I'3/4TI1/4 n=1/4

16. Prove that (i) ﬁ( L =2"" B
5

" J
(ii) FmF(m 1= r,.
2

- 22m—l



A(m,n) = J'Oﬁlzsinz"“1 0.cos™"0.do
1 72 . oomg
,B(m,z):_[o sin“"~ ddo
zl2
A(m,m) =_[0 sin®™* @cos®™* 6do

= j:lzsinzm‘lzﬁde

7l2

j sin™'ddd
0

22m—1

72

=2""B(m,n) =2 [ sin®™d6 = A(m,1/2)

from(ii)
2™ B(m,n) = S(m,1/2)
4 I'mI'n T'mI'l/2

22m —
I'm+n Im+1/2

I'mI’2m

I'm+1/2
I'mI'2m

22m—l

I'mI'm+1/2=

I'mI'm+1/2=



FOURIER SERIES

Particular Cases
Case (i)
If f(x) is defined over the interval (0,2/).

1= %+ S cos™ 1,50 "
2 n=1 I I
12I
== | f(x)dx
a, Iof (x)

1% nrz
a, =Tff(x)cos T xdx, n=12,.....
0

2l
qz}ju@g%ﬁ?}m,
I5 |
If f(x)is defined over the interval (0,27).

f(x) = a—2° + > [a, cosnx+b, sin nx]

n=1

127r
%=—jumm
ﬂO



2z
a, =1 If(x)cosnxdx
T 0 ’
1 2z
b, == If(x)sin nxdx  n=1,2,....00
4 0

Case (ii)
If f(x) is defined over the interval (-/, /).

f(x) = —+Z[a cos—+b sin —]

2 =~ I
1|

%=—jfumx

jf (x) cos( jxdx
I'[f (x)sm( dex

If f(x)is defined over the interval (-, TE)

f(x) = 5 Ra Z[a cosnx + b, sin nx]
n=1

%=1jumm
7[*72'

a, = 1 If (x) cos nxdx
T ,

n=1,2,.....0

b, = 1 If (x)sin nxdx n=1,2,.....0
T



Problem: Obtain the Fourier expansion of
1 -
f(x) = Eé—xlin-n<x<n

Solution:

%=%Lf®m=%zamﬂmx

1 x|
= — | IX—— =T
2w 2 |

a, :1 J‘f(x)cosnxdx=i J.E(ﬂ'—X)COSﬂXdX
T~ w2

Here we use integration by parts, so that

an :%{‘z_ xfin Nnx _(_1)(—co;nxﬂ”

n n _”

:ii_:o

2r T~

171 ]
b == |=(x - Xx)sin nxdx
) ﬂ_lz(” )

1 ~ COSNX —sinnx\["
Aol ]
27 n n .
(-1"

n
Using the values of ag, a, and b,, in the Fourier expansion

f(x) = %+Zan cosnx+ »_b, sinnx
n=1

n=1

we get,

="

n

sin nx

un:%+i

This is the required Fourier expansion of the given function.



Problem: Obtain the Fourier expansion of f(x)=e™® in the interval (-, ©). Deduce that

cosechzr = = Z( O}
rsn?+1

7 —ax |”
_1 je‘axdx = l{e—}
4 - T -a -

e —e "  2sinhar
ar ar

Solution:

17
Here, a,=— je cos nxdx
-
1 e L
a, = —{ﬁ <acosnx + nsin nx j}
-

rjfa +n

P a’+n?

_ @{(—1)”sinh aﬂ}

17 .
bn= — Ie‘axsm nxdx

a +n

1 p & 4
= =| ——— <asinnx—ncosnx
T
-

2n| (=1))"sinhar
7 a’?+n?

Thus,

f(x) = >sin nx

sinh a7z 2asinh ar & " 2 n(-1)"
Z 1) ~cosnx +—sinh aﬂz (D)
ar “~3a?+n’ T “~a?+n?

For x=0, a=1, the series reduces to

smh 7 2sinh 7 Z D"

f(0)=1
T T =nt+l
or
_ S|nh7r+23|nh7r _£+z(:1)
V4 T 2 =n+1
or |- 25mh;zz( "

T =nt+l



Thus,
9] (_1)n

mwcosechr =2 5
—n°+1

This is the desired deduction.

Problem: Obtain the Fourier expansion of f(x) = x* over the interval (-x, ©). Deduce that

Solution:
The function f(x) is even. Hence

a0=1jf(x)dx:3jf(x)dx
ﬂ'-—zz' 72-0

V4 37"
=£J‘x2dx=z[x—}
T 7| 3 0
or 3

a, = 1 jf (x) cos nxdx
n PR
2 T
=— J‘f (x)cosnxdx, since f(x)cosnx is even
4 0
2 3
= = [x*cosnxdx
T 0

Integrating by parts, we get

a - g{xz(sm nxj ~ 2X(—cozs nx) . 2(—8"’; nxﬂ
P n n n )
4(-1)"

Also, b, = L J-f (x)sinnxdx=0  since f(x)sinnx is odd.
” -



Thus
2 0 _ n
f(x):”—+4z( 1) (;osnx
3 w) n
= 7l =1
:? le_z
Zi_”_z
—n?’ 6

7l 1
Hence, E:1+_+_+ .....

Problem: Obtain the Fourier expansion of

X, 0<x<~x
f(x)=
2T —X, T <X<2rx

Deduce that
7’ 1 1
—=lt S+ 5+
8 3 5
Solution:
Here,
I jf(x)dx:gjf(x)dx
2 - ﬂ’- 0
:EIMX:ﬂ
T 0
17 27
an=-—-If(x)cosnxdx::——jf(x)cosnxdx
4 - T 0
Eéjxcosnxdx
2[ (sinnx —cosnx\ |
2 ) n’
0
2 —
= — 1 n —_
n’r l )
Also,

b, = 1 jf (x)sin nxdx =0, since f(x)sinnx is odd
T

since f(x)cosnx is even.



Thus the Fourier series of f(x) is

For x=m , we get

or

Thus,

or

T 2& 1 -
f(x)==+—) — D" -1 cosnx
=7 ﬂ;nzh c

T 241 -
f(r)= =+—)> — 1" -1cosn
=5+ =2 b -1cosns
”=£+EZ 2cos(2n-1)x
2 1% (2n-1)%?

This is the series as required.

Problem: Obtain the Fourier expansion of

Deduce that

Solution:

Fourier series is

—m—r<X<0
f()‘{

1'0 7
=; J.— X + J‘xdx} =—=

j— 7 cosnxdx + jx cos nxdx}

-1 |—1) =3

b, = 1[ j—;rsin nxdx + Ixsin nxdx}
Tl

0

1 =
= {-2c0_

f(x) = ———Z I—l) —1cosnx+zI ~s|nnx

nln



Note that the point x=0 is a point of discontinuity of f(x). Here f(x") =0, f(x')=-% at x=0. Hence
1 1 ~ —7T
[fx)+f(x)]==Q0-7 =——
2[ (x7)+ f(x)] > e

The Fourier expansion of f(x) at x=0 becomes

_ ® 1
LA N (| U
> = ﬂn:1n2[() ]

n= N
o n g, L
Simplifying we get, ?— +§+—2+ ......

Problem: Obtain the Fourier series of f(x) = 1-x* over the interval (-1,1).
Solution:

The given function is even, as f(-x) = f(x). Also period of f(x) is 1-(-1)=2
Here

2o = %1 f (x)dx=2;[f (x)dx

=2 ;f(l— x?)dx = 2|:X —Xg}

0

4
3
1 1
= 1.[f (x)cos(nzx)dx
1
=2 jf (x) cos(nzx)dx as f(x) cos(nmx) is even

1
= 2[(1— x?) cos(nzx)dx
0
Integrating by parts, we get

2 Sinnﬂ'X cosnax Slnn7zX "
‘{“XE s J (2)(( 7 ] He )( (ny H

) 4(_1)n+1

n%z?

1
- % If (x)sin(nzx)dx =0, since f(x)sin(nnx) is odd.
1

4 2
M T

T h=1

( n+l

oolm

The Fourier series of f(x) is  f(x) = cos(nzx)



Problem: Obtain the Fourier expansion of

1+ﬁ,—§<x30
3 2

=1y 2 g<x<3
3 2
2
Deduce that 7[—=1+i2+i2+ ......
8 3 5

Solution:
The period of f(x) is E - (_—BJ =3
2 2

Also  f(-x) =f(x). Hence f(x) is even

1 3/2 2 3/2
== [ fx)dx=—"- [f(x)d
% 3/2_J2 (x)dx 3/2! (x)elx
3/2
_4 J'(l—ﬂjdx=0
3, 3

4(1_gj n =3 _(—_4] 3
30 3 [Znnj 3 onz
3 [3] .
4 -
n2r2 l_(_l) -
Also,
%
1 . | nzax
b, == jf(x)sm[—]dx=o
3.3 %
Thus

0= % 3% - (oo 2%

putting x=0, we get



8[ 1 1 }
or 1= —|1+—=+—+......
3 5

2
V4
Thus, ?:1+—+—+ ......

HALF-RANGE FOURIER SERIES
The Fourier expansion of the periodic function f(x) of period 2/ may contain both sine and cosine terms.

Many a time it is required to obtain the Fourier expansion of f(x) in the interval (0,/) which is regarded as
half interval. The definition can be extended to the other half in such a manner that the function
becomes even or odd. This will result in cosine series or sine series only.

Sine series :
Suppose f(x) = @(x) is given in the interval (0,1). Then we define f(x) = -¢(-x) in (-1,0). Hence
f(x) becomes an odd function in (-1, I). The Fourier series then is

F(x) = fbnsin [@) (1)

where =— If (x)sm( ]dx
The series (11) is called half—range sine series over (0,/).

Putting I=m in (11), we obtain the half-range sine series of f(x) over (0,n) given by

f(x) = b, sin nx
n=1

b, = 2 [ (x)sin nxdx
2 0

Cosine series :
Let us define

f(x)= {¢(X) in(0,/) ....given

#(—X) in(-1,0) ... in order to make the function even.

Then the Fourier series of f(x) is given by

f(x)_—0 i cos( J (12)

n=1

f (x)dx

_lr\)

where,

n

v ]
%J (x)cos( jdx



The series (12) is called half-range cosine series over (0,/)
Putting | = win (12), we get
d, =
f(x)= ?+Zan COS NX

n=1
where

%:%ju@m
0

a, = 2 jf (x)cosnxdx n=1,23,.....
7[0

Problem: Expand f(x) = x(n-x) as half-range sine series over the interval (0,r).
Solution: We have,

b, = 2 [ (x)sin nxdx
7 0

_2 j.(zzx— x?)sin nxdx
4

Integrating by parts, we get

b, = E{Qx— XZE—COSI’]XJ_ (’_ZXE_SIZ nx)+ (_2)(cosgnxﬂ
/4 n n n 0
4 —
=— 41—
et RGO
The sine series of f(x) is

F(X) = %2% - 1) sinnx

Problem: Obtain the cosine series of

X,0< X< z
f(x) = 2 over(0, )
E—KZ<X<ﬁ
2
Solution:
e )
a, :3 jxdx+ J'(n—x)dx =T
Tl g 7 2
Here _
2 7 "
a, =— jx cosnxdx + I (7r — x) cos nxdx




Performing integration by parts and simplifying, we get

a, = —%{h (-D" —ZCOS(MH
Nz 2

Thus, the Fourier cosine series is

7 Z[COSZX cos6Xx  €0s10x }
+ F 00

fx)= = —— +
) 4 7| 71° 3? 52

Problem: Obtain the half-range cosine series of f(x) = c-x in O<x<c

Solution:
Here

2 C
—_ — d —
a, . 6[(c x)dx = ¢

2° n7zx
a, =—I(c—x)cos — |dx
CJ c
Integrating by parts and simplifying we get,

2C -
a, = -=D"
n n27Z'2 l -
The cosine series is given by




FOURIER TRANSFORMS

Introduction

The Fourier series expresses any periodic function into a sum of sinusoids. The Fourier
transform is the extension of this idea to non-periodic functions by taking the limiting
form of Fourier series when the fundamental period is made very large (infinite).
Fourier transform finds its applications in astronomy, signal processing, linear time
invariant (LTI) systems etc.

Some useful results in computation of the Fourier transforms:

1. fooo e” % sin Ax dx =

2. fooo e” % cos Ax dx =

a?+a2?
a

a?+a2?
o sin A.
8. Jy = dx=7,4>0

0
When 1 = 1, foos%dx=§

0
. eiax_e—iax
4. sinax =

2i
eiax+e—iax
5. cosax = .
© 42,2 _ﬁ
6. J, e dx =~
2
Whena=1, [ e™* dx =2
0 2

0, whent< 0

7. Heaviside Step Function or Unit step function H(t)or U(t) = {1 when t > 0

At t = 0, H(t) is sometimes taken as 0.5 or it may not have any specific value.

Shiftingat t = a

0, whent < a

H(t—a)orU(t—a) = {1whent>a

8. Dirac Delta Function or Unit Impulse Function is defined as 6(t — a) = 0, t+#a
such that f0°° 6(t —a)dt =1, a = 0. It is zero everywhere except one point 'a'.

Delta function in sometimes thought of having infinite value at t = a. The delta
function can be viewed as the derivative of the Heaviside step function
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Dirichlet’s Conditions for Existence of Fourier Transform
Fourier transform can be applied to any function f(x) if it satisfies the following
conditions:
1. f(x) is absolutely integrable i.e. ffooolf(x)ldx is convergent.

2. The function f(x) has a finite number of maxima and minima.
3. f(x) has only a finite number of discontinuities in any finite

Fourier Transform, Inverse Fourier Transform and Fourier Integral

f(x)—> Fourier Transform —,]F()\)

The Fourier transform of f(x), —o0 < x < o, denoted by f(A) where A € N , is given by

1

Ff} = f) =5z [, e f(dx .0
Also inverse Fourier transform of £(A) gives f(x) as:
fO) == e FydA ... @
Rewriting @ as f(A) = \/%_n I~ etf(t)dt and using in @, Fourier integral
representation of f(x) is given by:

FGO) == [2 % et f()dtdA

2 7=
Fourier Sine Transform (F.S.T.)

Fourier Sine transform of f(x),0 < x < oo, denoted by f,(A), is given by
FE{f()}= i) = \/% J, fG) sinAx dx...®

Also inverse Fourier Sine transform of £;(A) gives f(x) as:

flx) = \Efomfs(x) sinAxdi ... @

Rewriting @ as f,(A) = \/% fomf(t) sinAtdt and using in @, Fourier sine integral
representation of f(x) is given by:

fG) == f;° f;7 () sin At sin Ax dtdA
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2.2.2 Fourier Cosine Transform (F.C.T.)

Fourier Cosine transform of f(x),0 < x < oo, denoted by £.(1), is given by

F{f(x)}=f = \/% fooof(x) cosAx dx...®

Also inverse Fourier Cosine transform of f£.(A) gives f(x) as:
flx) = \Efooofc(l) cosAxdA ... ®

Rewriting ® as £.(A) = \E fomf(t) cos At dt and using in ®, Fourier cosine integral
representation of f(x) is given by:
flx) = % fooo fooo f(t) cos At cos Ax dtdA

Remark:
e Parameter A may be taken as p, s or w as per usual notations.

(o]

e Fourier transform of £ (x) may be given by f(}) = \/%_n C e M f(x)dx

0

«%—n [7 e f()da

(o]

e Sometimes Fourier transform of £ (x) is takenas f(A) = J__ e f(x)dx,

then Inverse Fourier transform of £(A)is given by f(x) =

thereby Inverse Fourier transform is given by f(x) = i I em™ f(A)da
Similarly if Fourier Sine transform is taken as f,(A) = fooof(x) sin Ax dx,

then Inverse Sine transform is given by f(x) = %fooof;(?\) sin Ax dA

Similar is the case with Fourier Cosine transform.
Example 1 State giving reasons whether the Fourier transforms of the following
functions exist: . Sin% ii.e* iii. f(x) = {é ifli)icslfrizfcligrrlli
Solution: i. The graph of sini oscillates infinite number of times at x = nm,n € Z
o f(x) sini is having infinite number of maxima and minima in the interval
(—o0, ). Hence Fourier transform of f(x) = sini does not exist.

ii. For f(x) = e*, ffmlexldx is not convergent. Hence Fourier transform of
e” does not exist.
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1, ifxisrational . . e .
. f(x) —{0’ if x is irrational 'S having infinite number of maxima and

minima in the interval (—oo, o). Hence Fourier transform of f(x) does not exist.
Example 2 Find Fourier Sine transform of

RIr

ii. 2e73% + 372
Solution: i. By definition, we have F,{f(x)} = f.(A) = \/% fooof(x) sin Ax dx
2
fs()\)—ff —smlxdx—\/; == f
ii. By definition, F{f(x)}=f.(A) = \/%fooof(x) sin Ax dx
~ Q) = \/%fooo(Ze‘&‘ + 3e7%*) sin Ax dx
2 oo - . 2 roo - .
= \/;fo 2e73% sin Ax dx +\/;f0 3e~%* sin Ax dx
—-3x o —2x (o]
= \/% [29:12 (=3 sinAx — A cos )Lx]o + \/% [34€+AZ (—2sinAx — A cos Ax]o

_ E [ ] [ ] [ 5A3+351
- n 9+/12 4422 9+A2 4+/12 (9+12)(4+12)

Example 3 Find Fourier transform of Delta function §(x — a)
. _ 1 ™ i _
Solution: F{§(x —a)} e Jo e™.8(x —a)dx

— 1 iia

T Vm

ffooo f() 6(t —a)dt = f(a) by virtue of fundamental property of Delta function
where f(t) is any differentiable function.

Example 4 Show that Fourier sine and cosine transforms of x™~! are /{—:sin? and
[n nm .
—cos— respectively.
An 2
Solution: By definition, f0°° e tt"1dt = [n
Putting t = idx so that dt = iddx
= fooo e M (Ax)" liddx = [n
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® n-1,-ilx _ i
= fy xM e dx = —
[n

(cos % _ isin "")
AN 2 2

= fooo x"1(cos Ax — i sin Ax) dx =

. nrm
i = (cos——lsm )

[n [n nm

®  n-1 ;P n—1 g - n =2 =
:>f0 x""tcosAxdx — i fo x"" " sin Ax dx Ancos [ sin=

Equating real and imaginary parts, we get

®  n-1 _In E “ xn—1gj —[— —n
Jo x" ' cosAx dx = cos— and [ x""" sin Ax dx = 7 sin

= £) = —cos— and f,(A) = —s n—

x, 0<x<1
Example 5 Find Fourier Cosine transform of f(x) = {2 —x, 1<x<?2
0, x> 2

Solution: By definition, we have F.{f (x)} = f.(A) = \/% fooof(x) cos Ax dx
NANE \/%fooof(x) cos Ax dx

= \/% [folxcos Ax dx + f12(2 —x)cosAx dx + fzoo 0.cos Ax dx]

I[ (x ) smAx _ (1)( cos/lx)](l) n [(2 — %) (sn;/lx) — (- 1) cos/lx ] ]

. E[sinﬂ_l_cos/l 1 cosZ/l sml cosl] [Zcosl CcoSs 21— 1]
T Aml o2 2 A2 22

Example 6 Find Fourier Sine and Cosine transform of f(x) = e~ and hence show that

00 COS MX T _ 00 x sinmx
Jy i dx = T =
0 1+x2 0  1+x2

Solution: To find Fourier Sine transform

B = A0 = [2[° F()sindx dx

= L) = \Efoooe‘x sin Ax dx = \/%(1312) ...... @®

Taking inverse Fourier Sine transform of O

f(x) = \/%fooost\) sin Ax dA
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= f(x) == ——sinixdA..... @)
Substituting f(x) = e ™ in @

[ /’lsmlx

N _f 1422

Replacing x by m on both sides

2 J-oo Asmlm
1412

Now by property of definite integrals ff f(x)dx = ff fdy

.M gy o xsinmx
Lo—e M= dx ....
2 Jb 1+x2 (D

Similarly taking Fourier Cosine transform of f(x) =e™*
FifY= M) = \/%fooof(x) cos Ax dx

= f.() = \/%foooe_x cos Ax dx = \/%(1:/12) ...... @

Taking inverse Fourier Cosine transform of @

f) = \F [ Fi ) cos Ax dA

= fx) ==, 1”2 cosAxdA....®
Substituting fx)=e™in ®
2 oocos)lx
0 1+/12

Replacing x by m on both sides

2 foo cos /lm
1+A2

Again by property of definite integrals f; f(x)dx = ff fO)dy
mw  _ o cosmx
A ;e m=f0 T4x? dx @

From @and ®, we get

foo cosmx ne_m _ foo x sinmx
0 14x2 0  14x2

1—x2% x| <1

Example 7 Find Fourier transform of f(x) = {0 x| > 1
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and hence evaluate [ ° (w) cos> dx

Solution: Fourier transform of f(x) is given by
FIFO)} = FO) == [, e f(x)dx
=—f (1 =x?) e ¥ dx

V2m V-1
1

= &[0 - () - 20 (52) + 2 (55)]
[2ei4 20l e eI
1222 323 T 222 i3,13]

eityeid ei’l—e“’l] .2 .3 .
— vi“=—-1landi’ = —i
A2 t i13

Il
m TS §||"‘

2cosA . 2sin /1]

A2 + A3

sinA—Acos A
2 fQ) = (T) @
Taking inverse Fourier transform of O

fO) === 7, e f(yda

_i sinA—-AcosA
e L/'lx(

= )d/l

= f)==["
= flx) = —f _(cos Ax — i sin Ax) (M) dA = e~ = cos 1x — i sin dx
:>f(x)——f [co Ax (M)_isinm(w)]da @

1—x% x| <1.
n
0, |xl>1n@

N {10,— x2,||;c||><11 _f [ (sm/l jcos/l) i sin Ax (sm/'L /’Lcosll)] di

Equating real parts on both sides, we get

T 2
f_oooo cos dx (sml Acosl) dl = {2 (1 X ), |X| <1
A3 0, x| > 1

Substituting f(x) = {

Putting x = 1 on both sides

f_ooOo COS%(SIHAAACOSA) dl = g(l _ _)

(sm A—Acos A
A3

A (sinA—Acos A

=2 [ cos® )d)t == vcos? (T) is an even function of 1
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Now by property of definite integrals ff f(x)dx = f: fOdy
o (xcosx—sinx X 3
fo (x—3) cos;dx =-T

1
1+x2

Example 8 Find the Fourier cosine transform of f(x) =

Solution: To find Fourier cosine transform

RUFGI= L0 = [2[° £(:) cos dx dx
:>fc(7\)=\/%fooo L cosixdx ....QD

1+x2

To evaluate the integral given by
Letg(x) =e ™ ...... ®

Filg(x)}=g.) = \/%fooog(x) cos Ax dx

= g.A) = \/%foooe‘x cos Ax dx

2[e™* . *©
= \/; [1”2 (—cosAx + Asin Ax)]o

— 2 1
ﬁgCO\):\EHAZ

Again taking Inverse Fourier cosine transform

gx) = %fooo L ~cos Ax dA

1+4

1
1+x2

=>gQ) = %fooo cos Ax dx

:>f0°° L cosAxdx=§g(/1) )

1+x2

Using @ in @), we get

:>f0OO . cos)Lxdnge"1 ...... )

1+x2

Using @ in D, we get

a 2 po0 1 2T T
f) = iy cosandn = e [Eem
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Example 9 Find the Fourier sine transform of f(x) = ? and use it to evaluate
fooo tan™! (Z) sinxdx
Solution: To find Fourier sine transform
E{f(x)}=f£Q) = \/%fooof(x) sin Ax dx
_ 2 Q)e—ax .
= f.(0) = \Efo ——sinAx dx
To evaluate the integral, differentiating both sides with respect to 1

%f;(?\) = \/% fooo % (cos Ax)xdx

— |2 % _gx _ 12 a
—\/;fo e cos‘/lxdx—\/;ahﬂ,12

Now integrating both sides with respect to 4

) = \/gf A

= () = \Etan‘1 (g) +c
when1=0,f,(0)=0,=2c=0
= 1 (2
s Q) = \/%tan L (E)
Again taking Inverse Fourier Sine transform

2 oo —_1 {1\ .
f(x) =;f0 tan 1(;) sin Ax dA

Substituting f(x) = ? on both sides

e—ax

= %fooo tan™! (g) sin Ax dA

X

Putting x =1 on both sides
ge‘a = fooo tan‘lg sinAdA

0o 14 . T
= [ tan '=sinxdx =-e™®
0 a 2

0 cosAt T

Example 10 If t > 0 Show thati. [ di= —e %,a>0

0 224 q2 2a
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.. oo Asin At T _at
= - <
ii. [y S dd=e%a<0

Solution: i. Let f(t) = %e‘at,a >0,t>0

Taking Fourier cosine transform of f(t), we get
FfO} =0 = \/% J,” £ () cos At dt
— T |2 (*® ,-at
_Za\/;fo e~ cos At dt
1 | a

- a\/;a2+/12

Also inverse Fourier cosine transform of £,.() gives f(t) as:

F© = 217 R0 cosacar

1 |m [2 (o a
—;\/;\/;fo — 5z Cos At dA

:f(t) =foo cos At di

0 A2+a2
. (% cosAt T _at
fO mdl = ;e ,a>0

ii. Again let g(t) = ge“t,a <0, t>0

Taking Fourier sine transform of g(t), we get

Rl@} =50 = [2 [ g@sinacdr
_ T |2 (® at
—2\/;f0 e*sinAtdt,a <0

= \Efoooe‘“t sinAtdt,a >0

_ m_A
T\l 2 a2+22

Also inverse Fourier sine transform of g,(A) gives g(t) as:

g(®) = \/% Jy” gs() sin At dA
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Ffca

sm/ltd/l
oo Asin At
=g =, 5d4
oo Asin At T at
= — <
fO A2+ g2 A 28 a=0

—x2
Example 11 Prove that Fourier transform of e 2 is self reciprocal

Solution: Fourier transform of f(x) is given by

FU%O}Ef@)=%:f”¢“f@ﬁh
wFle }fu)J_f et dx
A + ilx (xz— 2 lAX)
= w e b=l
- L7 Rt @t @) g
- \/%_n fjooo e_Tl(x_i’UZJrg dx
__12
- evzz_n [2 ez ™IV gy
22

By putting z = (x — i)

22
_ 2e 2

212
= foooe_(\/_f) dz

Putézt =dz= 2 dt

22

FF) =R (e

dt

fooo et dt

being even function of z

~ 5
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2 _12
Hence we see that Fourier transform of e 2 is given by e 2 . Variable x is transformed
2

to A. .. We can say that Fourier transform of eT is self reciprocal.
Example 12 Find Fourier Cosine transform of e™*

Solution: By definition, F.{f(x)} = f.(A) = \/%fooof(x) cos Ax dx

=) = \/%fooo e~ cos Ax dx

ff mx+e mx) dx

= Efo (e e 4 o=xgilx gy

- L fooo(e—x2+i/'lx + e—xz—i/'lx) dx

BN (e_(xz_z (@) + (2~ (2)) L (2 (2)e+(2)'- (%)2)> "

i i in? 222
:\/%fooo (e_(x_;) 2 + e_(x+7l) + : >dx

- (=) (=)
e oo _ %) +
mfoexz dx+ [, e\ dx]
—2.2 _12
N R B
“Veml2 U217 vom
_ 1 A%
=>fc(7\)_\/—56 4

Or

Fourier Cosine transform of e~*"can also be found using the method given below:

.0 = \/%fom e cosdxdx ...D

Differentiating both sides with respect to A

= ;—Afc()\) - —\/%fom xe™** sin Ax dx
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_x21® . —x2
=\/E[sin/1x. : ] —\/Ef Acos Ax.—dx
T 2 1, w0 2
_ _& E © 2
=0 2\/;f0 e ™ cosixdx ...©@
> S ==-2£® using® in®@

%f <) _ A

ey 2
Integrating both sides with respect to A

= log f.(A) = —; + log k , where log k is the constant of integration

_ 22
S Q) =Ke 5 ...®

2 fo .2 _E
= ;fo e ™ cos Axdx = ke =

Putting A = 0 on both sides

\/%foooe_xzdx =k

_ 2w _ 1
:>k—\/;.2 —ﬁ.....@

Using @ in 3, we get

AZ

fel) =%e7w

Example 13 Find Fourier transform of xe 9 ,a>0

Solution: By definition, F{ xe=*"}=f(1) = \/% [7 xe—@ oM gy
= \/% f_oooo xe—ax2+ilx dx
i i 2 i 2
B G RCI
27 V=
i 2 i222
= \/% f_oooo xe_a(x_ﬁ) + 4/}1 dx
_4_/}12 i i1\? 1 i1\ 2
- i/ﬁ fjow( B ZL_a) “lz) dx+ ;_af_oooo e (%) dx
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e 4a

= [ff"oo te™% dt + %ff"w et dt] , Putting (x - %) =t

N

22
e 4a

== [0 + %f:’ g—at? dt]

—at2. . 2. . .
 te”"is odd function and e ~*"is even function in t

-2
e4a ) poo0 2
- — _(\/Et)
7= ado € dt
-2
iA %} .
:i/:—i'ai/zfo e ?" dz ,Putting vat =z
—22
_eaa il ﬁ L(® g2 _ﬁ
s 2 Jy €77 dz =2
—22
ile4a
=>f(/1)—2am

2
Example 14 Find Fourier cosine integral representation of f(x) = {x 0<x<a

0 , x>a
2
Solution: Taking Fourier Cosine transform of f(x) = {)6 0 < ;C i Z

R = L0 = [2f7 FG) cos ixax
= L) = \/%foaxz cos Ax dx
f [( 2) sm/lx _ (2 )( cosAx) n (2)( sm/'lx)]:

=> ) = \/7[ — — — smla + —cosla]

Now taking Inverse Fourier Cosine transform

flx) = f [(— — —) sinda + = cosla] cosAx dA

2
This is the required Fourier cosine integral representation of f(x) = {J(; 0 < z ; Z

Example 15 If f(x) = {f’)mx’ gt;efwi_; , prove that
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f(x) _ _foo 2cos Ax + cos(m+x)A+cos(mt—x)A

dA . Hence evaluate
1-A2

sinx, 0<x<m

Solution: Given f(x) = {0 otherwise

To find Fourier cosine integral representation of f(x), taking Fourier Cosine
transform of f(x)

JANE \/% fooo f(x)cosAxdx = \/% fon sin x cosAxdx

fon (sin(A + 1)x —sin(4 — 1)x) dx

2

m N[=] S[=] §[=] §[- ?I

_cos(A+1)x |, cos(A- 1)x] T
0

(A+1) 1-1)
_ _cos(/1+1)7t cos(A-1m 1
- (A+1) 1-1) A+1)  (A-1)
[cosAm  cosAm 1

| a+1) (-1 t A+1) (A-1)

[(A-1) cos At — (A+1) cos A A-1-1-1
A+1)(a-1) A+1)(1-1)

[—2 cos Amr— 2] [1+cos/11t
R EES 1-22

Taking Inverse Fourier Cosine transform, f(x) = \E f0°° f-() cos Ax dA

= fe) =

= f(x) = —f [Hcosm] cos Ax dA

00 2c0SAx + 2 cos A cos Ax
-, da
1-22

_ foo 2cos Ax + cos(m+x)A+cos(m—x)A di
- 1-22

0 2cos Ax + cos(m+x)A+cos(m—x)A dl

:f(x)__f 1-22

sinx, 0<x<m
0, otherwise

Putting f(x) = {

o0 2cos Ax + cos(m+x)A+cos(m—x)A sinx, 0<x<m
=2 dr = { .
1-22 0, otherwise

Putting x = g on both sides
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o 2cos Uz + cos(n+ )/1+cos(7r—2)/1

=2J; 2 22 g1=1
- [P =T = [
Example 16 Solve the integral equation fooof(x)cosaxdx _ {1 E,/LO i i? 1
Hence deduce thatf sin tdt = %

o o (1-20<1<1
Solution: Given that fo f(x)cosAxdx —{ 0 1> )

:‘\ff f(x)cosAxdx = \f(l A),0<1<1
0, A>1.

2
= f.() = \/;(1—70,03/131
0, 1>1.

Taking Inverse Fourier Cosine transform

FG) = [2[7 £ cos Axda

= f(x) = % fol(l — ) cos Ax dA

[(1 /1) (sm/'lx) . ( 1) ( cos)Lx)]:

=2 [_ﬂ 11_2 [1—Cosx] _ 2 25in2§
= 2 x2 - T %2 - T x2
4
> () =—52...0
Using @in @, we get
o0 4 = _ < <
Jy j,l: 2 cosAxdx = {1 0 4,0 71’;—1 1

Putting A = 0 on both sides

4 ooSlTl
== 2dx—l
T Y0
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Putting §= t, dx = 2dt

oo sin?t T

dt=1=
2

fooSinthdt =% = [

0 4¢t2 0 ¢2

Example 17 Find the function f (x) if its Cosine transform is given by:

: (2
(i) Sne? m{m@ ), 1< 2a
A 0 . 1>2a

sinal

Solution: (i) Given that f.(A) = ~

Taking Inverse Fourier Cosine transform
flx) = %fooof_c(A) cos Ax dA

= f(x) = %fooo Sir;al cos Ax dA

1 2 poo2sinalcosAx
=-.-) ———dA

T 2o A
_1 o sin(a+x)A o sin (a—x) A
== [+ - [0

Now 0<x< oo =~ a+x>0

- E+E] ,a—x>0iex<a
= f(x) =
IE—E], a—x<0iex>a

1[7‘[ T

0

1 )
(ii) Given that £.(A) = {E (a B E)’ A< 2a
0o , A= 2a

Taking Inverse Fourier Cosine transform

ﬂ@=£fﬁ®mﬂwﬁ

= fx) = I 2 L a—— cos/lxd/l

=1k (a - E) cos Ax dA

) - (=)

oo sin Ax
) dx =
x

Z1>0
2
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sin? ax

2x2 2x2

[1 —cos2ax] =

_ 1[ cos2ax 1 ] _
2mx? x2

T

Example 18 Find the function f (x) if its Sine transform is given by:
(i) et (ii)

Solution: (i) Given that f,(A) = e~ %
Taking Inverse Fourier Sine transform

fG) =27 £ () sin Ax dA

> f(x) ==, e sin Axdd = =

T a?+x?

1+A2

X

(ii) Given that f,(0) = —

Taking Inverse Fourier Sine transform

fG) =2 [ £ sin Ax dA

= f(x) = f +/12 sin Ax d
_ 2w X (1413)-1
=20 samsinAxdd = fo s Sindx da

oo sin Ax o sinAx
= —f /'l — _f
0 A(1+A2)

=>f(x)—1——f°° SIAY G4 ©

A(1+42)

. J-oo sin Ax

s
N dl—;,x>0

Differentiating with respect to x

o AcosAx

ﬁf(X)_O__fO l(1+lz) 2’

> () =—2["225dl....@

(1+22)

oo A sinAx

Also f'(x) = 2} S dA = £ ()

= f"(x)— f(x)=0....3

This is a linear differential equation with constant coefficients

(®may be writtenas (D? — 1)f(x) =0

Auxiliary equationis m? —1 =10
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>m==*1
Solution of @ is given by
fx) =ce*+ce™.....@
= f'(x) = ce* —ce™ ....®
Now from @O, f(x) =1,atx =0

Using in @, wegetc, +¢c, =1...0

2 oo 1
m70 (1+A2)

Again from @, f'(x) = — dl,atx =0

= f'(x) = —%[tan‘1 Aly=—-1latx=0
Usingin ®, wegetc, —c,=—1....D
Solving ® and @, wegetc; =0, ¢, = 1
Using in @, we get f(x) = e~
Note: Solution of the differential equation £ (x) — f(x) = 0 may be written directly
asf(x)=e™™

Example 19 Find the Fourier transform of the function f(x) = e ®*l, —0 < x < o0

e x<0
e ¥x>0

Fourier transform of £(x) is given by F{f(x)} = f(0) = [ e™f(x)dx

Solution: f(x) = {

= f) = f_ooo e e dx + fooo e~ X dyx
- J‘O eX(@+id) gy 4 fowe—x(a—il)dx

[ex(a+i21)] 0 [e —x(a—il)] ©
—00 O

(a+in) (a—id)
= 1 1 2a
=>f) = a+il t+ a—il  a2+A2
_ 2a
F{e alxl} = a2+12
Result: F{e‘“|x|} _ 2a e [ 2a ] _ —alx
a? + A2 a? + A2
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N _ 1
Example 20 Find F~1 [W]

. g 1 S 1
Solution: F [(9+/12)(4+,12)]_5F [ 9+,12+4+,12]

L

32422 22422

N e
30F 9+12 +20F 4+22

= — 3l +—e‘2|"| < F~ [
30

] = e—alxl

az+12
Example 21 Find the Fourier transform of the function f(x) = e *U(x), a > 0
where U(x) represents unit step function

0, x<0 _{0, x<0
1, x>0 e x>0

Fourier transform of f(x) is givenby F{f(x)} = f(A) = ffooo e f(x)dx

Solution: f(x) = e‘“"{

= f) = foooe‘“"eux dx

- f0°° e—x(@=id) gy

_ e—x(a-in)1®
- [ (a—i%) ]0
= 1
= f(}\) T a-ia
fF{f(0)} = —
—ax —_ -
or Fle™*U(x)} = —
Result: 1
Fle™U(x)) = —— = F1 [ _| = ey = e H()
—iA a—il
Note: If Fourier transform of f(x) =e *U(x) is taken as

© __ilx ,—ax 1| 1] _ -ax — ,—ax
J_. e e *U(x)dx, then F [a+m] =e *U(x) = e *H(x)

Example 22 Find the inverse transform of the following functions:

S S i i, ————

1 2-3i1- 22 " 8+6i1— A2 " 6-5i1— A2
L L]
Solution: i. F [2—31'/1—,12] N [(1 i) (2- LA)] (1- l/'l) (2-i2)
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= Rl
F [(1—i,1) (2-id)

e *H(x) —e ?*H(x) ~F! [ ! ] = e “H(x)

a—il

N F‘l[ 1 ] _((e*—e™),x=>0
2-3ir—22] 0, x<0
. F~ [ ] = [—] = P 1. ]
8+6i1— A2 (4+iA)(2+i1) (4+id)  (2+4id)

=F [(4:1',1)] —F [(z:m)]
=e *H(x) — e ?*H(x) w F~ [ ] = e “H(x)

- ]={<e—x—e—2xxxzo

8+6i1— A2 0, x<0

I F~ [6—51'/1— /12] = 5F" [m] =5F (2-id) (3‘1"’1)]

= 5F7 [(z—m)] — ok [(3—01)

=5e 2*H(x) —5e3*H(x) ~F1 [ﬁ] =e *H(x)

- p-1 [ 5 ] _ {S(e‘zx —e3),x=>0

6—5i1— A2 0, x<O0

Example 23 Find the Fourier transform of f(x) = - !

—ix

Solution: We know F~! [ﬁ] = e “H(x)

- F1 [ﬁ] — e 2%H(x)

=4 [* et g) = e 2*H(x)

2w Y =0 2—id
Interchanging x and A, we get

1

lx

~ix dx = e 2 H(Q)

ool

_{0, 1<0
e 1=>0

)

0 ; idlx _ 0 y A < 0
= f“’OZ—ixe dx = {2ne‘2’1, A>0

Page | 21



- F{ ! }_{0, 1<0

2-ix ) 2me™%4, 1 >0

Properties of Fourier Transforms
Linearity: If £(1) and g(A) are Fourier transforms of f(x) and g(x) respectively, then

Flaf (x) + bg(x)} = af () + bg(Q)

Proof: F{af(x) +bg(x)} = \/L_ JZ laf (x) + bg(x)] e**dx

= a\/% 1= e dx + b— I= ge*dx
= af (1) + bg(A)

Change of scale: If f(1) is Fourier transforms of f(x), then F{f(ax)} =

Qr

7(2)
Proof: F{f(ax)}= \/%_n 1= flax).e?

Putting ax =t = adx = dt

1

CFIf@0) = 2= [ F©.e% %=1 L % p(o).e @i
=27 (3)
Shifting Property: If f(1) is Fourier transforms of f(x), then F{f(x — a)} = e*® f(1)
Proof: F{f(x—a)} === [ f(x—a).e™
Putting (x —a) =t =dx =dt
SF(f(c— @)} = 2= [ f(©).eM+D dt

= el — [7 f(6).eMdt = e F(2)

Modulation Theorem: If f(1) is Fourier transforms of f(x), then

i.  F{f(x)cosax}= % {]_C(A +a)+ ]_C(A — a)}
ii.  Ff(x)cosax]= z {]_” A+a)+ (- a)}
iii.  Fc[f(x) sin ax] —{f A+a)— (- a)}
iv. Ff(x)cosax]= E {fc(/l +a)+f.(1— a)}

Page | 22



v. F[f(x)sinax] = % {]_CC(A —a) — ]TC(A + a)}

Proof: i. F{f(x)cosax}= \/% ffooof(x) cos ax . e*

iax . ,—iax
== [0 fG) e dx

1

1 o) i 1 00 i(A—
= 5[\/? J_ o f)ett+axdy + 2o (e @ a)"dx]

=-{fO+a) +f - a)}
ii. Fs[f(x) cosax] = \/%fooof(x) cos ax sin Ax dx

= % %fooof(x) [sin(A + a)x + sin(A — a)x ]dx

= %[\/%fooof(x) sin(A + a)x dx + \/%fooof(x) sin(A — a)x dx
= .0+ a) + 0 - o)
i, Flf () sinax] = [2[° f()sinax cos dx dx

= % %fooof(x) [sin(A + a)x — sin(1 — a)x ]dx

= %[\E fooo f(x) sin(A + a)x dx — \/%fooof(x) sin(A — a)x dx

1

== {]_CS(A +a)— ]TS(A — a)}

iv. Fe[f(x) cosax] = \/%fooo f(x) cosax cos Ax dx

= % %fooof(x) [cos(A + a)x + cos(A — a)x ]dx

= %[\E fooo f(x)cos(A + a)xdx + \/%fooof(x) cos(A — a)x dx
=~ {f.0+ 0 +£0-a)

V. Fs[f (x) sinax] = \/%fomf(x) sin ax sin Ax dx
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= % %fooof(x) [cos(A — a)x — cos(A + a)x ]dx

= %[\E fooo f(x) cos(A — a)x dx — \/%fooo f(x) cos(A + a)x dx

= {f.0-0-£(+a)
Convolution theorem: Convolution of two functions f(x) and g(x) is defined as
f@)* gt = [2, fWglx —wdu

If (1) and g(A) are Fourier transforms of f(x) and g(x) respectively, then
Convolution theorem for Fourier transforms states that

F{f(x)  g()} = F{f ()} F{fg(x)} = f(1). g(A)
Proof: By definition f(A) = \/%_n I= e flx)dxand gA) = [ e g(x)dx
Now f(x)+* g(x) = [7, f(wg(x — wdu

[0¢]

S F{f(0)x g} = [0 e™[[° f)g(x — wdu]dx

Changing the order of integration, we get

~F{fxgy= [T f|f e*g(x —wydx]|du

Putting x —u =t = dx = dt in the inner integral, we get
Fif »g} = [ f[J2, e*®Dg(t)dt]du
= [ e ff, e*g®)dt]du

= [ e f(w)gh) du

=g [, e™ f(wdu
= f(2).9(%)
Example 24 Find the Fourier transform of e~*”. Hence find Fourier transforms of
i.e"%" g >0 ii. e_sz iii. e2=3% jy. e~ cos 2x
Solution: F{e™**}=F(1)= J%_n [Z e et dx
— % f_°°oo o~ X2HIAX ]y
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i N2 [in?
1 O @)
2 Y —®
- inZ | i2a2
:\/%f_ooe_(x_7) 4 dx
=22 2
:i/Zi fjoooe_(x_;) dx
-2
_ e 4 j,o0 .2 . _ il
== J e dz By putting z = (x—;)
A2
= ij_: e dz e~* being even function of z
=22 32
_2e 4 T _ -
F =2t Tl L

- We have F{f ()} = f(1) = e if f(x) =™

Now F{e~*’} = F(2) = %e—%.

V2
Now Fle='} = F{e(V@)’}

= \/ia f (\/%) By change of scale property.... @

1 1)2 1 22

. —ax?) -1 1 __(_a =——e¢ i '
L Flem == —e iV = —eT Using Din @

Putting a = % ini.

_x2 1 _T' _ﬁ
File 2 t=—.e 2 =¢e 2

Tofind F{e72*=°} Puta =2 ini.

2 1 _ﬁ
F{e=2*"} =-e’s

2 , _2? - -
o F{e 206-97) = ¢3i4, %e s - By shifting property F{f (x — k)} = e**f(1)

To find Fourier transform of F{ e~**cos2x}

F{f(x) cosax} = % f(A+a)+ f(1—a) By modulation theorem

2
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(/1+z) (1-2)2
. -x? — 1 -
. F{e™ cos2x} = [\F t5e ]

Example 25 Using Convolution theorem, find F~* [ﬁ]

o [ = [t g
Solution: F~* [ —— (a-IHG-iD) D 5

Now by Convolution theorem

F{f(x) *g(®)} = f(1). gA) = F[f(D).3) | = f(x) * g(x)
« F7 [(4—1i,1) ' (3—11',1)] =F [(4—11',1)] *F [(3—1i,1)]

= e~ H(x) * e 3*H(x) v 1 [ﬁ] = e~ H(x)

= [7 e H(u)e 3¢ WH(x — u)du
f)* g = [0, fWg(x —w)du
=3 f_oo e *HwH(x —u)du

u=>0x—u=20, iel0<u<x

Now H(WH(x —w) = {0u<0x—u<0 i,eu<Oandu>x

1|1 | = p-3x -u — =3x[,-ulx — _ ,=3x[,—X __
[12 7id— ,12] € fe du = [e7"]§ = —e™¥[e 1],x =0

- e—3x _ e—4x’x > 0

o p-1 [ 1 ] _ {6‘3" —e™ x>0

12—-7iA— A2 0, x<0
311
2—ild

Example 26 Find the inverse Fourier transforms of
Solution: i. We know that F~! [L] = e “H(x)
a—il
S FT ] = e H ()
Now By shifting property F{f (x — k)} = e"'”‘]_C(A)
= F e f(D)] = f(x — k)

] = e 263 (x — 3)

3id

~F [2 ir
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Fourier Transforms of Derivatives
Let u(x,t)be a function of two independent variables x and t, such that Fourier

transform of u(x, t) is denoted by u(4,t) i.eu(A,t) = ffooo e u(x, t)dx

ou 9%u

15z 0 asx - Foo,

Again let u,——
2
Then Fourier transforms of 2% Z—Z, ... With respect to x are given by:
S e”""’—”dx = [eu)” —ia [, e udx = —id WA, 1)

F{az_u} _ f_ooooelﬂxa Ydx = [ idx u] l/lf le au dx = (—id)?u(L, t)

axz) Ax2

F{Z2) = (—inm a0
2. Fourier sine transform of 62_u IS given by:
F, {Z%} = fooogz—zsm Ax dx = [sin Ax Z_ﬂ —/1f0°° cos AxZ—de
0
_ foe) 2 [ . 62u
=0 —Afcos Ax.u(x, t)]7 — A% [, sin Ax—— dx

62 —
 Fo {5} = 2u(0,0) - 2%u,(a,0)

2
3. Fourier cosine transform of _a Yis given by:
92u 00 92u oul® o ou
Fc{ﬁ} = J, a—zcoslxdx = [coslxa] +2 sin Ax — dx

= —[Z—z] + Alsin Ax . u(x, )19 —/12f cosAx—dx

{axz} [ax x=0 o }‘zﬁc()*: t)

4. Fourier transforms of 7’; with respect to x are given by:

oul] _ i/'lxa_u _ 4 r® ix
F {—} = f_oo dx = — [ e u(x, t)dx

at at
P £
similarly F, {3} = S,(2,0)
FelG) = 4@
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2.5 Applications of Fourier Transforms to boundary value problems

Partial differential equation together with boundary and initial conditions can be easily
solved using Fourier transforms. In one dimensional boundary value problems, the partial
differential equations can easily be transformed into an ordinary differential equation by
applying a suitable transform and solution to boundary value problem is obtained by
applying inverse transform. In two dimensional problems, it is sometimes required to
apply the transforms twice and the desired solution is obtained by double inversion.

Algorithm to solve partial differential equations with boundary values:
1. Apply the suitable transform to given partial differential equation. For this check
the range of x
I. If —oo < x < oo, then apply Fourier transform.
ii. 1f0 < x < oo, then check initial value conditions
a) If value of u(0, t) is given, then apply Fourier sine transform

b) If value of [Z—’;] Is given, then apply Fourier cosine transform
x=0

An ordinary differential equation will be formed after applying the transform.
2. Solve the differential equation using usual methods.
3. Apply Boundary value conditions to evaluate arbitrary constants.
4. Apply inverse transform to get the required expression for u(x, t).
Example 27 The temperature u(x, t) at any point of an infinite bar satisfies the equation

ou  0%u

. = gnz TP <X <™ t> 0 and the initial temperature along the length
1for|x| <1

0 for|x| >1

Determine the expression for u(x, t).

of the bar is given by u(x, 0) = {

Solution: As range of x is (—oo, ), applying Fourier transform to both sides of the
given equation :

P =r 5
Ju

= 20(1,0) = —22A(, 1)+ F{3} = Zu@,t) and F {37”} = (=iD?ux, 1)

Rearranging the ordinary differential equation in variable separable form:
=%~ 24t @) whereu =~ u(a,t)

Solving @ using usual methods of variable separable differential equations

logu = —2%t +log A
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= logg = —1%t
suLt)=Ae ¥t @
Putting t = 0 on both sides

11,0 =4.. ®

1for|x| <1

Now given that u(x, 0) = {0 for|x| > 1

Taking Fourier transform on both sides, we get

=% (1,0) = %_n I u(x,0) e M dx

1 1[ i1 e_u]_ 1 Zi[ei’l—e_i’l]
T Vzm oA B [

= u(1,0) = \/i_n% @

From and @), we get

Using ® in @), we get

2 smA —22t

Nl
Taking Inverse Fourier transform

ulx, ) = =/ e ™ u(1,0)dA

uA,t) =

= u(x,t) = foo S o APt g-itrg)
= u(x,t) = foo sind e~**t(cos Ax — i sin Ax)dA
= u(x,t) = %fome"’lzt (w) dA (M) is odd function of A

Example 28 Using Fourier transform, solve the equation —t = ka_Z’ 0<x<oo, t>0

subject to conditions:
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i. u(0,t)=0 t>0
. u(x,0)=e™* x>0
ili. wuand Z—Z both tend to zero as x —» +o

Solution: As range of x is (0, ), and also value of u(0,t)is given in initial value
conditions, applying Fourier sine transform to both sides of the given equation:

{5 = ke {5

=S4, (4,1) = kiu(0,t) — kA% (4, 1)
R = 25,0,0 and R {24} = Au(0,0) - 27,4, 1)
> S0 = —kAZm (L) v u(0,6) =0
Rearranging the ordinary differential equation in variable separable form:
N ‘%ﬁ = —kA%dt..D  wheren ~u,(1t)
Solving @ using usual methods of variable separable differential equations
logu = —kA*t + log A
= log* = —kA%t
S>ut)=Ae ™t ©
Putting t = 0 on both sides
>u;2,0)=4.. ®
Now given that u(x,0) = e™*

Taking Fourier sine transform on both sides, we get

= U (1,0) = \E f0°° u(x, 0) sin Ax dx
= \/%fom e ¥ sinAx dx

_ 2 A
= Uus(4,0) :\/; — . @

From @and @, we get
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2 A
A_\Emz...@

Using ® in @), we get

_ 2 A _p
us(/l,t)=\/;—1+/12 e ~kA°t

Taking Inverse Fourier sine transform

u(x, t) = \E f0°° u,(A,t) sin Ax dA

o A

= u(x,t) =2 e ~k*t gin Ax dA

w70 1422
Example 29 The temperature u(x, t) in a semi-infinite rod 0 < x < oo is determined

2
by the differential equation Z—L: =2 ZTZ subject to conditions:

. u=0,whent=0, x>0

ii. Z—z = —k (a costant), whenx =0,t > 0

Solution: As range of x is (0, ), and also value of [2—2] is given in initial value
x=0

conditions, applying Fourier cosine transform to both sides of the equation:

R () = 2n {5

d — _ du 27—
> Lu 0= 2|7 —207(,0)

" F, {6—”} = iﬂc (4, t) and F, {ZZTZ} = - [6_u — Puc(A,t)

at) T at axly=o

= %ac(a, t) = 2k — 222U, (A, t)

= % +22%u=2k.. ® where u =~ u.(A,t)
This is a linear differential equation of the form Z—i’ + Py =4Q
where P = 212, Q = 2k

Integrating Factor (IF) = e/ Pdt = gJ 22%dt = 522%t

Solution of (D is given by

u.e?t= [ 2k.e2M°tdt 4+ A
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A%t
—  232;_ 2ke?
= u.e -

222

s>u.(t) = % + Ae 2t | (®

+A

Putting t = 0 on both sides
S% (L0 =5+4 .. ©
Now given that u(x,0) = 0
Taking Fourier cosine transform on both sides, we get
= u.(4,0) = fooo u(x,0) cosAx dx = 0
= %,(1,0) =0.. @
From and @), we get
A=-£.06

/12
Using ® in @), we get
— k _272
u.(4,t) = /1—2(1 — e72%)
Taking Inverse Fourier cosine transform

u(x, t) = %fooo u.(A,t) cosAx da

2k oo <1—e—2'12f

= u(x, t) ==, = )cos/lxd/l

2
Example 30 Using Fourier transforms, solve the equation % = kZTJZ’,x >0,t>0
subject to conditions:

. y=a whenx=0,t>0
. y=0,whent=0, x>0

Solution: As range of x is (0,0), and also value of y(0,t)is given in initial value
conditions, applying Fourier sine transform to both sides of the given equation:

i o = e {53

d— _ _
= —¥,(4,1) = kAy(0,t) — kA%y (4, 1)

) - ) _ y
B {5} = w7 @0 and B {Z3 = 2y(0,0 - 7,0
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- %?S(A, ) =kad—kA?y (Lt)  =y(0,)=a
=2 4 k2%y = kad .. © wherey ~ ¥ (4,t)
This is a linear differential equation of the form Z—z + Py =Q
where P = kA%, Q = kal
Integrating Factor (IF) = e/ Pdt = g kA%dt = gka®t
Solution of (D is given by
y.ekt= [ kad. e*’tdt + A

kA%t
— kA2t_ kalde
=Yv.e =

y kA?

+ A
=Y, 0) =5+ de7 @
Putting t = 0 on both sides
>y, 20 =2+4.. O
Now given that y(x,0) = 0
Taking Fourier sine transform on both sides, we get
=y.(4,0)= fooo y(x,0)sinAxdx = 0
=y (4,0) =0.. @
From ®and @), we get
A=-2.0

2
Using ® in @), we get

¥4, 0) =5 (1)

Taking Inverse Fourier sine transform

y(x,t) =2 [ (4, t) sin Ax d2

oo [1—p—kA%t
=>y(x,t)=2;“ (1 > )sin,lxd,l

0

Example 31 An infinite string is initially at rest and its initial displacement is given
by f(x),—o < x < co. Determine the displacement y(x, t) of the string.
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Solution: The equation of the vibrating string is given by

0%y 0%
ot? dx?

Initial conditions are

d
oy =0
i, y(x,0)=f(x)

Taking Fourier transform on both sides
i =er 5
> LJA 0= —c22F(2,0) where F{y(x,0)} = (4, 0)
>4 25 =0..0 where ¥ ~ J(4,¢)
Solution of @ is given by
y(A,t) = Acoscpt + Bsincpt .2
Putting t = 0 on both sides
y(A4,0)=A.. ®
Given that y(x,0) = f(x)
>5(,0)= f(1)..@
From 3 and @
A=f).. ®
Using ® in @
y(A,t) = f(A)cos cpt + B sin cpt ...0)

= ?3_3; = —cpf(A)sin cpt + cpB cos cpt

- =cpB.. @

dtle=o

Also given that a_y] =0..
otli=g

From @ and ®,weget B =0.. ©
Using @ in ®, we get
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y(4,t) = j_f(l) cos cpt
Taking inverse Fourier transform

v 6) = == [ T (A, e *da
= y(x,t) = \/% I= (%) cos cpt e"#*dA

Exercise

, |xl <a

1. Find the Fourier transform of f(x) = {a(; lxl"‘l =a

oo sin?
Hence prove that f,"=5=d

x2

2. Solve the integral equation fO°° f(x)cosdxdx =e*,1>0

x, 0<x<1
3. Obtain Fourier sine integral of the function f(x) = {2 —x, 1<x<2
0, x>2
4. Prove that Fourier integral of the function f(x) = {1’ Xl =1 IS given by
' 0, otherwise

5. Find the Fourier sine and cosine transforms of xe~¢*

sinx T
dx =—

X 2

fl) = %fOOOWd)L Hence show that J*

6. The temperature u(x, t) at any point of a semi infinite bar satisfies the equation

2
u_0% <x<oo t>0,subject to conditions
ot dx2
i. u(0,t) =0,t>0
.. 1, 0<x<1 . .
. . u(x,0) = {0’ > 1 Determine the expression for u(x, t)

7. Determine the distribution of temperature in the semi infinite medium, x > 0, when the
end at x = 0 is maintained at zero temperature and initial distribution of temperature is

f(x).

Answers
2(1—cosar) _ 2 _ 2 (o (2sind-sin24) .
1. = 2. f(x) = o 3. f(x) = ,Tfo —————sinAxdA
2al a?-12

© 1-cosA _ .
6. u(x,t) =§f0 1%6 2% gin Ax dA

(@2442)2 " (a%+12)?

7.u(x, t) = %foooﬁ(l)e‘cz’lzt sin Ax dA

Page | 35



Unit -V NUMERICAL METHOD
Newton-Raphson method
Definition:

The Newton-Raphson formula is

f(x,)

f'(XLLn)C’ U, 9 Ldoosesesone

Xn+1=Xn‘

Rate of convergence:

The rate of convergence in Newton -Raphson method is
order 2

Criterion for convergence:

(1) f'(x¢¢0)¢ Should not be equal to zero. If f'(x¢¢0)i=0 then
initial approximation must be changed.

(11) For better convergence the product f(x¢¢0)f (x} rsub {0} ¢4
should be zero.

Problems:
1. What is a transcendental equation?

Equation which involves functions like logarithm,
exponential, trigonometric etc 1s called transcendental equation.

(i) x+ Cos x+2=0 (ii) 2x + ¢*-5=0



2. What is the rate of convergence in Newton - Raphson
method?

The rate of convergence in Newton Raphson method is
order 2

3 State the convergence condition for Newton Raphson
method.

Condition for convergence is [f(x) f"'(X)|<¢f [xIvi*e
4. Find the first approximation of the root lying between 0 and 1
of the equation x+3x-1=0 by Newton - Raphson method.
f (x)= x+3x-1

f(0)=-1 (-1ive)
f(1)=1+3-1=3 ( + ive)
S0, a root lies between 0 and 1
Here [t (0)] >[t (1)]
Take x=1 f(1)=3
' (X)=3x+3

f(1)=3*1+3=6

5. Write the iterative formula of Newton -Raphson method?
f(x,)
X1 =X = n:O, l, 2 ..........

f'(xién)é?
6. Write down Newton- Raphson formula for finding va where

'a' 1s a positive number?




L
2

Xn+1:

a
+5
7. Write down newton raphson formula for finding 1/n
where 'n' is a real number?

Xn+1: Xn (’an(’

8 . Find the first approximation of the equation xlog,x—1.2=0 by
newton raphson method correct correct to three  decimal
places?

Given, xlog,,x—1.2=0

Let f(x) =xlog,,x—1.2

f(1) =1log,,1-12= -1.2= -ive
f(2) =2log,.2-1.2= -0.598= -ive
f(3) =3log,3-1.2= (.23 1= +ive
so, root lies between 2 and 3

Here [f(2)] >If(3)|
Take x,=2.7
f(x,)

f(xiin)é

Newton — Raphson formula is *...=x.- n=0, 1,
f(X): [X% log,,e ] +log,, X

=log,,e +log,, X

f(x0) =2.7108,027-12= - 0.035
f'(xo):(.’ log, e +log,,2.7=().866



x=2.7—]=2.740

9. What is the criterion for the convergence in Newton Raphson
method?

4 f'(x¢¢0)i Should not be equal to zero. If f'(x¢20)¢=0 then initial
approximation must be changed.
5 For better convergence the product f(x::0)f(x} rsub {0} ¢¢ should

be zero.

10 .Find the positive root of x*-x=10 correct to three decimal
places using Newton -Raphson method.

Solution:
Given x*-x=100
Let f (x) =x*-x-10
£ (0) =0-0-10=-10(- 1ive)
f(1)=1"-1-10=-10(-1ve)
f (2)=2'-2-10=4(+ive)
So, a root lies between 1 and 2
Here, |f (1)| >|f(2)
Therefore, the root is nearer to 2.
Let us take, x=2
The N.R formula is



f(x,)

f'(xién)é?

f(x)=x-x-10 , flxl=¢ 4x’-1

Xn+1:Xn‘

n=0, 1,

n:O,Xo:2
f (%0=2-2-10=16-2-10=4
flx|=:32-1=31

x=2-3-=1.871
n=1, x=1.871
flxei1)i= (1.871%¢-1.871-10
=0.383
fr(xie1)i= (4) (1.871°¢-1
=25.199

f(xie1) .
Fxe01)6 ¢

=1.871- 205.38939

X3 :1 856
n=2, x=2=1.856

f (x=((1.8560¢'c-1.856-10=0.010

flx.]=(4) (1.856:°-1=24.574



— ((xcc 2) L

fr(xei2)i

00.010

=1.856-54574

=1.856.
Here x.=x:=1.856. Hence the better approximate rot is 1.856.

11. Using Newton's iterative method, find the root between 0
and 1 of x¥’=6x-4 correct to 2 decimal places.

Given x=6x-4

flx|=x-6x+4
£ (0) =4 (+ive)
f(1)=-1=(-1ve)
So, a root lies between 0 and 1

Here, |f (0)| > [f(1)

Therefore, the root is nearer to 1.

Let us take, x=1

The N.R formula is
f(x,)

f'(xién)é?

Xn+1:Xn-

n=0, 1,
f'[x)Z(', 3x°-6
Il:(),xozl

£ (1i=-1(- ive)



flil=¢ -3(- 1ve)
x=1-5=0.67
n=1, x=0.67

flxie1)i= (0.67°¢-6(0.57)+4

=0.28
fr(x¢e1)i= 3(0.67°:-6=-4.65
o f(xéi1) .
T (x061)6
0.28
=0.67-—,
x, =0.73
n=2, x=2=0.73

f (xi= (073:5-6(0.73)+4=0.01
flx./= (3)(0.7304*-6=-4.40

f(xii2) .
f(xii2)i

X3:X2_

0.01

=0.73-—, 2

=0.73

Here x.=x=0.73. Hence the better approximate rot is 0.73.

12. Find the real positive root of 3x-cosx-1=0 by Newton,s
method correct to 6 decimal places.



Given, 3x-cosx-1=0
f(x)=3x-cosx-1
f(x/=3+sinx
f(0) =-2 (ive)
f(1)=1.459698(+ive)
So, a root lies between 0 and 1
Here, |f (0)| >|f(1)
Therefore, the root is nearer to O.
Let us take, x=0.3

The N.R formula 1s
f(x,)

f'(xién)é?

n=0,%=0.6

Xn+1=Xn'

n=0, 1,

flo.6/=¢ 3.564642(+ 1ve)

N— jlf(xu,O) .

f'(x00)e

0.025336
3.564642

=0.607108

x,=0.6-

n=1, x=0.607108



flxie1)e= 3(0.6071084- c0s(0.607108)-1
=0.000023

f(xie1) .
M= x001)

0.000023

=0.607108-3-5495
x, =(0.607102

Here x.=x=0.607102. Hence the better approximate rot is

0.607102.
13.Solve by Newton's method ,a root of e*-4x=0.
Given e-4x=0
f (x)=e"-4x
£(0) =1 (+ive)
f(1)=-1.2817=(-ive)
So, a root lies between 0 and 1
Here, |f (0)| <|f(1)Therefore, the root is nearer to O.
Let us take, x=0.3
The N.R formula is

Xn+1:Xn- f(xn) . n:O, 1,

f'(xién)é?

flx|=i e*—4

f(Xo) :0.3—[602;34_(0.3)(.’



0.1499

x=0.3 252 =0.3566

— ((xz,(; 1)

. e"**—4(0.3566
* f(xz,z,l)z,°:0-3566'[ e°-356£—4 |

=0.3574
x, =(0.3574

_ . flxee2) "7 4(0.3574)
X3_X2-f'(x(',(',2)(l "—03574'[ 3T _ 4

=0.3574

Here x.=x=0.3574. Hence the better approximate root is 0.3574

14 ‘Write down Newton Raphson formula for finding va, where
'a' is a positive number and hence find V5

Let x=Va
x’=a
x*-a=0

Let f(x) = x-a

flxl =2x

N-R formula 1s

f(x,)

fr(xiin)io

Xn+1:Xn_

n=0, 1,



xXn a
Tax, Ty,
X, , _a_
¢ Xn= ?+2x
X, @
3 Tax,

Xy = %[Xﬁzixn] is the iterative formula to Find Va.
To find 5

Put a=>3

Also  x =45 lies between 2 and 3

Let xo=2.

1 5
Xy = 2[X1+X_1]
1 5
= 5[2.25+ +55¢]
x,=2.2361

% & A
2 X,

1 5
=3[2.2361+ +5 53411




x; =2.2361
Here, x. = x;=2.2361
Hence the approximate value of v5 =2.2361

15. Find the iterative formula for finding the value of 1/n where
n 1s a real number using newton raphson method hence evaluate

1/26 correct to 4 decimal places

==

Letx =

N =1

>

Let f(x) = - N,

1
2
X

(x) =-
The N.R formula is

Xn+1:Xn-f, f(xn> : n:O, 15

=x, + x” [+ - N]

Xn
2
:Xn + xn - N.Xn

= 2xn - N.Xn2

X1 = X, [2 - N.x,] 1s the iterative formula



To Find 5, take N = 26.

Let % = 0.04 [% = 5z = 0.04

X = %, [2 - Nx]
X =% [2 - 26%)]
% = (0.04) [2 — 26 (0.04)] = 0.0384
X, =x [2 - 26x]
= (0.0384) [2 — 26 (0.0384)] = 0.0385
%= x, [2- 26.%.]
= (0.0385) [2 — 26 (0.0385)
% =0.0385

Hence the value of 2—16 =0.0385.

Trapezoidal rule:
Definition:

The Trapezoidal rule is

++nh

[ Flxld= g[(yo+yn&+ 2(yFy,tety,)]

=g[(sum of the first and last term)+ 2 (sum of the

remaining term)

Simpson's 1/3 rule:



Definition:

The Simpson's 1/3 rule is

X, +nh

f f(x)dng[(yo+Yn‘;+4(y1+Y3 +---Yn—1)+(;+2(y2+)’4+'--~+yn—2‘;]

Simpson's 3/8th rule:
Definition

The Simpson's 3/8th rule is
Of f (X)dXZB—;[(yo+yn6+3(yl+yz+y4+y5----+yn_1<l+2(y3+y6+----+yn_3)

Problem:s:

16. What is the order of error in trapezoidal formula?
Error in the Trapezoidal formula is of the order »’.

17. What 1s the order of error in Simpson's formula?
Error in the Simpson's formula 1s of the order »".

18. What is the error in trapezoidal rule of numerical integration
>

Error in trapezoidal rule is

E| <%h21\/l in the interval

(b-a)

(a, b), where h=



19. What is the error in Simpson’s rule of numerical integration?

E| <%h41\/{ in the interval

20. Using trapezoidal rule, Evaluate [sinxdx by dividing the

range into 6 equal parts.

211 311 411 SII 1

6 6 6 6

Olo|g

S 10.866 1 0.866 0.5 0

I Xo+nh
{sindeZ f FIxla=0[ (yoty, 2yt yateoty, )]

=6 [(0+0)+2(0.5+0.866+1+0.866+0.5]

I\J| | =

=0.65136

21. Using Simpson's rule findJ ¢*dx

givene’=1,e'=2.72,e°=7.39,¢°=20.09,e*=54.6
Let f(x) =¢'
Take h=1

The Simpson's rule

4
] ede:% [(voFyse F2y,+4iFy,.0]
0



S[(14+54.6) +2(7.39) +4(2.72+20.09)]

=53.8733

1

2
1+x

Solution: Here y(X) =

Length of the interval = 2 so, we divide 8 equal intervals with

h:

™ I|N

=0.25

By trapezoidal rule,

X =g [ (Vo + ) + 20yt + V)]

22 1(0.5+ 0.5) + 2(0.64+0.8+0.9412
140.8+0.64)]

= 22 [1+2(5.7624)]

= 222[12.5248] = 1.5656

23. Dividing the range into 10 equal parts, find the value of

I

jsin 0y (1) trapezoidal rule (i1) simpson's rule

Solution:



Given y(x)

Divide the interval into 10 equal parts

=sinx, h= 2 ==

I

10 20

X 0] 2 30 |4l
20 20 20 20

Y=sinx | 0/0.156 [03090{0.4540|0.5878
4

s |6l 711 81 om 011

20 20 20 20 20 20

0.707 |0.8090 0.8910 |0.9511 0.9877 |1

1

(1) By trapezoidal rule

© ey N[

g[(yo+)’10) +2(Y1+yZ+. e

il
=20
2

h
sinxdx—y [(YotYat21yityt . +Ya-1)]

+5)]

[(0+1)+2(0.1564+0.3090-+0.4540+0.5878+0.7071+0.8090

-J>|::|

+0.8910+0.9511+0.9877)]

-J>|::|

o[0+1+ 2(5.8531)]

LI0+1+12 706

o= [

sin xdx




=0.9980

(11)By Simpson’s% rule

Jis
}Sm deg [(YotYuitd (Yitystysty4ye) F2(Votyatyetys)]
0

I1

= 20 [(0+1) +(0.1564+0.4540+0.7071+0.8910+0.9877)
3
+2 (0.3090+0.5878+0.8090+0.9511)]

= < [(0+1)+4(3.1962)+2(2.6569)

S[(1+12.7848+5.3138)]

= 1119.0986] =1.0000

24. Using Simpson's One third rule evaluate { xe" dx taking 4

intervals . Compare your result with actual value.

Solution:
Given f(x) = xe’
: : b—a _ 1-0 _1
Taking 4 intervals, h=—— = —7—=7=0.25
X 0 0.25 0.5 0.75 1

Y=xe' 0 0.321 0.824 1.588 0.718




Simpson’s% rule is
[ £lx) dx= 2 [ty HA(rty) +2(3)]
025 [(0+2.718)+4(0.321+1.588)+2(0.824)]

= 22 [2.718+7.636+1.648]

3. 0005

=2 [12.002] =

Actual value

1

jxexdx = {xd&]

= ('~ 0)~ [¢' <]

Here A=B

So both the values are equal.

25. By dividing the range into ten equal parts, evaluate [ sinxdx by

trapezoidal and Simpson’s rule. verify your answer with
integration



Sol given, f(x) = sinxdx

b—a I1-0 II
h= ~— 10 10
table value
X 0 1T 211 31 411
10 10 10

Y =sinx 0.3090 0.5878 0.8090 0.9511
X ST 611 71 81 2l 1T

10 10 10 10 10 10
Y =sinx 1.0 0.9511 [0.8090 |0.5878 [0.3090 |0
(1)By trapezoidal rule, J sinxd x
Tsinxdx = g[yﬁ‘y,,) F2(yFy,) Foeeeiii (v.er)

= g[yo‘i‘)’w) +2(Y1‘|‘yZ+Y3 + o Y9)

1T
=10

2

[(0+0)+2(0.3090+0.5878+0.8090+0.951 1+1.0+0.9511+0.8090+
0.5878+0.3090]

Simpsons' rule

I

f sin xd x:g[(yo‘l‘yn C+4(y1+y3 +... yn71)+6+2(y2+ Y.t .+yn72
0



il
=10

2
[(0+0)+4(0.3090+0.8090+1+0.8090+0.3090)+20.5878

+0.9511+0.9511+0.5878)]
=< *19.0996 =2.001............ (2)

(i11))  Actual integration

I
I:{ sin xd x= (_COSX Clgb

= -(cos II-cos 0)
=(-1-1)

Comparing (1), (2), and (3) Simpsons rule is more accurate
that ha trapezoidal rule.

Euler’s method :
Definition:
Euler's formula is
Yor1=Yuthf (%, ¥,), =0, 1, 2
26. Solve % =1-y, y(0)=0 for x=0.1 By euler's method
Given , f(x,y)=1-y, x=0, y=0 h=0.1
Euler’s algorithm,

yotl1= yith f(x. ya0



y:=Yot+h f(xo: y?LZ’Z’
~0+0.1(1-0)
yi=0.1

27. Using Euler’s method find y (0.2) and y (0.4) fromg—x=><+y, y
(0)=1 with h=0.2

Solution:
Given f(x,y)=x+y
X,=0_y,=1
x,=0.2,%,=0.4
Euler’s Algorithm V.= y.th f (% ¢
yi=Yoth £ ¢ 50)
=1+0.2(0+1)
=1.2
y:=yith fé )
=1.2+(0.2)(0.2+1.2)
=1.2+0.2(1.4)
=1.2+0.28=1.48

yi=Yy+th i Y2)



= 1.48 +(0.2)(0.4+1.48)
—1.48+0.376
=1.856

28. Using Euler’s Method , Solve Z—X=X+y+xy, y (0)=1 with
y(0)=1 compute y at x=0.1 by taking h=0.05.

Solution:
Given f(x,y)=x +y+xy
x=0,y,=1 h=0.05
Euler’s Algorithm
Yeer= Yath £ (X0 7a0
yi=Yoth £ ¢ 5)
=1+0.05[** Yo%, ¥o]
=1+0.05(0+1+0)
=1+0.05=1.05
y:=yrth fé )
=1.05+0.05[x:* yit+x: ]
=1.05+0.05[0.05+1.05+(0.05)(1.05)]
=1.05+0.05[1.1525]



=1.05+0.057625
=1.107625

29. Using Euler’s Method , find the solution of the initial value
problem %ﬂog ¢, y (0)=2 at x=0.2 by assuming h=0.2.

Solution:
Given f(x, y) = log¢,
x,=0,y,=2 h=0.2
Euler’s Algorithm
Y= Yuth £ (X0 ¥a0
yi=Yoth ¢ »)
=Yoth logé ¥o)
=2+0.2[log (0+2)]
=2+0.2 log 2
=2+0.2(0.3010)
y(0.2)=2.0602.
Runge - kutta method

Fourth order Runge - Kutta method for solving first order
equations:



Properties:

(1) To evaluate ..., they need only information at the
point (Xu:¥n).
(i1) They don’t involve the derivatives of f(x, y), such as

in Taylor’s series method.

(i11)  They agree with the Taylor’s series solution upto the
terms of ', where r differs from method to method and
1s known as the order of that Runge - Kutta Method

Second order R-K method:

If the initial values of (x, y) for the differential equation

% =f(x, y) then the first increment in y namely Ay is calculated

from the formula.

k=h f)
k="h f(',+g, y+%]

Ay= k; where h=Ax.

k=hfo)

k="h f<;+g, y+%]



k.=h flx+h, y+2k,—k,]

and Ay:% (k1‘|‘4 k2+k3)

k=h f¢)
. h k,
k= h f0+§, y+?]
k,="h fz,+g, y+k72 ) k="h f ¢x+h,
y+ks)
and Ay:é (k1+2 k,+ 2k3‘|‘k4)
y (x+ h)= y(x)+ Ay.
Working rule:

To solve 3—12 y=1(x,y), y(¢)=¥
k=hf¢ YO)

.. h k
k= h f‘ﬂ‘i, YO‘f‘?l) ky=
. h k
h f0+§, YO+?2 ) k="h f("+h, YO+k3)
1
and Ayzg (k1+2k2+ 2k3+k4)

Y1ZYO+Ay

where h=Ax



Now starting from ¢ »1) and repeat the process.

30 Write the Runge- kutta algorithm of second order for solving
ylzf( X, Y)a y&):}’o

Let h denote the interval between equidistant values of

If the initial values are xo, ¥o) , the first increment
in y is computed from the formulas

k="h f¢ ¥)
k=hfits, vet'st) and Ay= k. Thenx. = % +h, ¥
= YotAy
The increment is y in the second interval is computed

in a similar manner using the same three formulas , using
the values x ,y in the place of x.. ¥o respectively

31. Write down the R-K formula of fourth order to solve %



=f(x, y) withy (% ) = ¥
Let h denote the interval
If the initial values are ¢ o)

The first increment in y is computed from the formulas

k="h f¢ »)
ke=h fita, vt k=
hfots, vt ) ke=h f i+h, yoth

)

and AyZ% (kik2kot 2k tk,)
Then x; = xeth, yi=yet+Ay

The increment in y n the second interval 1s computed in a similar
manner using the same four formulas, using the valuex,. y, in the
place of x. ¥, respectively

32. Given Z—“: = x+ty, y (0)=2 compute y(0.2), y(0.4) by Runge-
Kutta method of fourth order

Solution: Given %Z y'=xty =f(x,y)

x=0, ¥7=2
x=:0.2, x. =0.4, x:=0.6
By fourth order R-K algorithm
ki="h f¢ y,)



k=hf L-l—g, yﬁ%)
f 44%, yﬁ% )
Ay:é (ki 2kt 2k, k)
y (x+h)y=yx)+ Ay
(1) To find y(0.2)
y=0.2, x=0, ¥=2, h= 0.2
ki=h f¢ yo)
=(0.2) [xo + ¥o]
=(0.2) [0+2]
=0.2*%2=0.4
5]
0.4

= (0.2) £ [0+ 57, 24+ 5]

h )
k, =h f [Xo +E ,YO'H’

=(0.2) £(0.1,2.2)
— (0.2) [0+ 2.2]
=(0.2) (2.201)

= 0.4402

ks =h f [Xo ‘i‘g ,YO"'C k72 ]

ky=

k4: h f(;+h, y0+k3)

h



0.4402

=(0.2) £ [0+ %5, 2+ 2502

=(0.2) f[0.1,2.2201]
=(0.2) [0.r’+ 2.2201]
=(0.2) (2.2211)
k;=0.44422.
ki =h f[x +h,yotk; ]
= (0.2) £ [0+0.2, 2+0.44422]
=(0.2) £[0.2, 2.44422]
=(0.2) [0.2+ 2.44422]
=(0.2) [2.44422]
k=0.44422.
Ay = é (ki+2ko+ 2kotk,)
= §10.4 +2(0.4402) + 2(0.44422) + 0.490444)]

= £(2.65928)

=0.44321
y(0.2) =0.44321
Y1ZYO+Ay

=2+0.44321=2.44321
»=2.44321
(11))To find y (0.4)



Apply R — K method
k=hf¢ )
=0.2 0.2, 2.443]
=(0.2) [(0.2¢:+2.443]
=(0.2) [2.451]
= (.4902

k1

2 ]
=(0.2) £ [0-2+ %’ 2 443440 0.4302]

h .
o =h £ [x+ e

=(0.2) £(0.3, 2.6881)
= (0.2) [03'+ 2.6881]
=(0.2) (2.7151)
=0.5430

.k
o =h oy ]

0543

= (0.2) f[0-2+¢ %, 2.443+0 =]
=(0.2) £[0.3,2.7145]
=(0.2) [¢+2.7145]
=(0.2) (2.7145)
k=0.5483.



ke =h{f[x+hy+k ]
=(0.2) £ [0.2+0.2, 2.4443+0.5483]
=(0.2) £[0.4, 2.9913]
=(0.2) [¢+2.9913)
= (0.2) (3.0553)
=0.6111
Ay = % (kit 2kt 2Ktk )
= £[0.4902 + 2(0.543) + 2(0.5483) + 0.6111)]

= £(3.2839)

=0.5473
y(0.4) =0.5473
y2:y1+Ay

= 2.443+0.5473=2.99
¥,=2.99

33. Using R-k method of fourth order solve Z—izi 221:22 with

y (0) =1 at x=0.2.

. . d Z_XZ
Solution: Given 2=%

dx y2+x2 D)

x0=0,y0:1

x=:0.2, h=0.2



By fourth order R-K algorithm
ki="h f¢ y,)
k=h f‘H‘g, )%4‘%)
f &-I-g, yo-l—% )
Ay:% (k1‘|‘2 ky+ 2k3‘|‘k4)

y (xt h)=y(x)+ Ay
k=T fe yo)

=0.2[23] = 0.2[150=0.2

Yot X,
Lokl
k=h f(’—i_za Yot 5 )

=(0.2) f[0+%, 1+ ]

=(0.2) £ (0.1, 1.1)
=(0.2) [1555]
=0.19672

k=h fots, vt )

0.19672

=(0.2) fit=, 1+

=(0.2) £(0.1, 1.0983606)
=0.1967

k=

k= h f(',-l-h, YO+k3)

h



k=h f("‘i‘h, YO+k3)
= (0.2) (0.2, 1.1967)
=0.1891

AyZ% (kik2kot 2k tk,)

=5 (0.2+2(0.19672) + 2(0.1967) + 0.1891)
=0.19598
y (x+h)=y(x)+ Ay
y (0.2)= y(x)+ Ay=yot+Ay
= 1+0.19598=1.19598

dy 2
— =X+
34. Apply R-K method to find y(0.2) in steps of 0.1 if dx given that y(0)=1
Solution
k,=hflx,y|
ho Kk
kzzhf X+E,y+?
ok
k,=hf| x+—,y+—
=N X5y

k,=hf [x+h, y+k,|
Ay:é( k,+2k,+2k +k,)

y(x+h)=y(x)+4y
k,=0.1000

k,=0.1152



k,=0.1168
k,=0.1347
Ay=0.1165
y(0.1)=1.1165

To find y(0.2)
k1:0. 1347

k,=0.1551
k,=0.1576
k,=0.1823

Ay=0.1571
y(0.2)=1.2736
dy_2xy+e"
35 Using R-K method to find y(1.2) and y(1.4) from dx  x*+xe" given that y(1)=0

Solution

k,=hfx, y|

k,=hf

LY
27"

ky

k,=hf x+g,y+

2
k4=hf(x+h,y+k3)
Ay:é( k,+2k,+2k +k,)

y(x+h)=y(x)+ 4y
To find y(1.2)
k,=0.1462
k,=0.1402
k,=0.1399



k,=0.148
Ny=0.1348
y(1.2)=0.1402

To find y(1.4)
k1:0. 1348

k,=0.1303
k,=0.1301
k,=0.1260

Ay=0.1303
y(0.2)=0.2705









